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Abstract. Let V be a p-adic representation of the absolute Galois group G of Qp that
becomes crystalline over a finite tame extension, and assume p 6= 2. We provide necessary
and sufficient conditions for V to be isomorphic to the p-adic Tate module Vp(A) of an
abelian variety A defined over Qp. These conditions are stated on the filtered (ϕ, G)-
module attached to V .
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Introduction

Fix a prime number p and an algebraic closure Qp of Qp. Let A be an abelian variety
over Qp of dimension d. Let A[pn] be the group of pn-torsion points with values in Qp

and Tp(A) = lim←−A[pn] the p-adic Tate module of A: it is a free Zp-module of rank 2d
on which the Galois group G = Gal(Qp/Qp) acts linearly and continuously. The p-adic
representation of G attached to A (also called Tate module) is

Vp(A) = Qp ⊗Zp Tp(A).

A p-adic representation V of G arises from an abelian variety over Qp if there exists an
A/Qp such that V ' Vp(A) as G-modules. Such representations are classical objects
known to enjoy motivic properties. We want to consider an inverse problem, namely, to
detect which p-adic representations V of G arise from abelian varieties. In this paper we
solve this problem for the class of representations that become crystalline over a tame
extension of Qp, and under the assumption p 6= 2. The solution is provided in terms of
necessary and sufficient conditions on the filtered (ϕ,G)-module attached to V .

Being crystalline is the p-adic analogue of good reduction for `-adic representations of G
with ` 6= p. Fontaine’s theory shows that a potentially crystalline p-adic representation of
G is determined by its associated filtered (ϕ,G)-module. The latter is a finite-dimensional
vector space over an unramified extension of Qp equipped with a semilinear Frobenius
map ϕ, a semilinear action of a finite quotient of G commuting with ϕ, and a G-stable
filtration. This association is functorial. We point out that we are using the contravariant
version of Fontaine’s functor. Also, a (ϕ,G)-module (unfiltered) may be replaced by its
linearisation, which is a representation of the Weil group of Qp over the same base field.

The Tate module Vp(A) is potentially crystalline if and only if A has potential good
reduction. Hence the above theory applies and the varieties involved have potential good
reduction. As Vp(A) is dual to H1

ét(AQp
,Qp) our functor is covariant on the H1

ét’s. Let
A have good reduction over the finite Galois extension K/Qp with maximal unramified
subfield K0. Let (D,Fil) be the filtered

(
ϕ,Gal(K/Qp)

)
-module attached to Vp(A) and ∆

the Weil representation attached to D; both D and ∆ are K0-vector spaces. It is known
that (D,Fil) enjoys the following “geometric” properties:

(G1) A lifting of the geometric Frobenius acts semisimply on ∆ with characteristic
polynomial a p-Weil polynomial (see definition 2.1)

(G2) ∆ is defined over Q
(G3) There exists a nondegenerate skew form (D,Fil)× (D,Fil)→ K0{−1}
(G4) (D,Fil) has Hodge-Tate type (0, 1).

Property (G1) follows from the Weil conjectures for abelian varieties over Fp. Property
(G2) means that the traces of the action are in Q and is a consequence of the results of
Serre and Tate on potential good reduction. They show more precisely that the descent
datum furnished by the action of Gal(K/Qp) is geometric, that is, the inertia acts through
automorphisms of AK ’s special fibre. Property (G3) means there is a G-equivariant sym-
plectic form Vp(A) × Vp(A) → Qp(1), and indeed any polarisation on A induces such a
form. Finally (G4) means that the filtration jumps in degrees 0 and 1, which follows from
the Hodge decomposition of Tate modules of p-divisible groups and (G3).
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Now let V be tamely potentially crystalline. Our result is that these four conditions
are sufficient to garantee that a multiple of V comes from an abelian variety. Also, one
can determine how many copies are needed to obtain a representation itself isomorphic to
a Vp(A).

Theorem. (see theorem 5.13) Let p 6= 2. Let V be a p-adic representation of G that
becomes crystalline over a finite tame extension. The following are equivalent:

(i) There exists an integer n and an abelian variety A/Qp such that nV ' Vp(A)
(ii) The filtered (ϕ,G)-module attached to V satisfies (G1), (G2), (G3), and (G4).

Moreover there is a smallest integer nV as in (i) that can be computed explicitely.

Given a V satisfying the conditions of the theorem we want to construct an abelian
variety A/Qp and an integer n such that nV ' Vp(A). Let V be crystalline over the tame
Galois extension K/Qp with residue field k. We first construct the relevant objects over
finite fields. By the Honda-Tate theory we produce from (G1) an abelian variety A0/Fp
having the right Frobenius. Using Tate’s theorems we produce essentially from (G2) a
minimal n and an automorphism of An = (A0 ×Fp k)

n furnishing a geometric descent
datum. Replace V by nV and A0 by A0

n. We then construct the relevant objects in
characteristic zero. By a result of Breuil, which is why we assume p odd, (G4) furnishes a
p-divisible group over the ring of integers OK of K lifting A(p). According to the Serre-
Tate theory of liftings this produces a formal abelian scheme over OK . Then (G3) enables
us to lift some polarisation on A, which insures by Grothendieck’s criterion that we obtain
an algebraic scheme, hence an abelian variety over K with good reduction. Finally a
Galois descent criterion, applicable thanks to the geometric nature of the descent, shows
that this abelian variety is defined over Qp and has the right Tate module.

The paper is organised as follows. Section 1 contains assorted facts on potential good
reduction. We review the needed representation theory in 1.1 and potential good reduc-
tion of abelian varieties in 1.2. Section 2 deals with the Honda-Tate theory. It is reviewed
in 2.1 and in 2.2 we prove a technical result on endomorphism algebras (proposition 2.5).
In section 3 we introduce the appropriate objects yielding representations with geometric
descent: they consist of an abelian variety over Fp together with a finite subgroup of Fp-
automorphisms, subject to a condition of Galois nature. These objects, that we call Galois
pairs, are defined in 3.1 (definition 3.1), their associated representations are constructed
in 3.2, and a decomposition result (proposition 3.9) is proved in 3.3. In section 4 we
describe such representations in the tame case. Some arithmetic properties of semisimple
representations defined over Q are proved in 4.1. They enable the construction in 4.2 of a
numerical invariant, namely the aforementioned integer n (definition 4.6). The determina-
tion of tame representations arising from Galois pairs is carried out in 4.3 (theorem 4.11),
followed by some examples in 4.4. Section 5 deals with the lifting procedure. We review
in 5.1 the needed facts on polarisations and Rosati involutions, and prove in 5.2 the ex-
istence of suitable polarisations on tame Galois pairs (proposition 5.3). In 5.3 we show
that such polarisations may be lifted when the representation associated to a Galois pair
lifts to a symplectic G-module (proposition 5.5). We then wrap everything up to prove
the main theorem in 5.4 (theorem 5.13).

Acknowledgements. It is a pleasure to thank O. Bültel, E. Frossard, M. Kisin, N. Nau-
mann, J. Nekovář, and A.J. Scholl for helpful conversations.
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1. Potential good reduction

This section introduces notions related to potential good reduction. It reviews the
relevant representation theory in 1.1 and Galois descent on abelian varieties in 1.2.

1.1. Representations. Let I be the inertia subgroup of G = Gal(Qp/Qp). We have a
short exact sequence

1 −→ I −→ G
υ−→ Ẑ −→ 1

where υ sends a lifting of the arithmetic Frobenius to 1. The Weil groupW = Weil(Qp/Qp)
is defined as W = υ−1(Z). For algebraic extensions K of Qp (assumed to be contained in
Qp) write GK = Gal(Qp/K), IK = I(Qp/K), and WK = W ∩ GK = Weil(Qp/K). Let
Qun
p be the maximal unramified extension of Qp with residue field Fp, W (k) the ring of

Witt vectors with coefficients in k ⊆ Fp, and σ the absolute Frobenius acting on k, W (k),
and FracW (k). We also fix an algebraic closure Q of Q and an embedding Q ↪→ Qp.

1.1.1. Filtered (ϕ,G)-modules. Let K/Qp be a finite Galois extension and K0 the maximal
unramified subfield. A filtered

(
ϕ,Gal(K/Qp)

)
-module (D,Fil) is a finite dimensional K0-

vector space D equipped with

• a σ-semilinear bijective Frobenius map ϕ : D ∼−→ D
• a σ-semilinear action of Gal(K/Qp) commuting with ϕ
• a decreasing filtration Fil = (FiliDK)i∈Z on DK = K⊗K0 D by Gal(K/Qp)-stable

subspaces such that FiliDK = DK for i� 0 and FiliDK = 0 for i� 0.
Such objects form a category ([Fo2]), the morphisms being K0-linear maps commuting
with the action of ϕ and Gal(K/Qp), and preserving the filtration after scalar extension
to K. The dual of (D,Fil) is the K0-linear dual D∗ with ϕ∗f = σfϕ−1 and g∗f = gfg−1

for f ∈ D∗, g ∈ Gal(K/Qp), and FiliD∗
K consists of linear forms on DK vanishing on

Filj DK for all j > −i. The Tate twist D{−1} of (D,Fil) is D as a K0-vector space with
the same action of Gal(K/Qp) and ϕ{−1} = pϕ, Fili(D{−1})K = Fili−1DK . The object
(D,Fil) has Hodge-Tate type (0, 1) if FiliDK = DK for i ≤ 0, FiliDK = 0 for i ≥ 2, and
Fil1 is a nontrivial subspace.

Now let V be a p-adic representation of G. Put

D∗
cris,K(V ) =

def
HomQp[GK ](V,Bcris).

Then D∗
cris,K(V ) = (D,Fil) is a filtered

(
ϕ,Gal(K/Qp)

)
-module ([Fo1], [Fo2]). We always

have dimK0 D ≤ dimQp V and V is said to be crystalline over K when equality holds.
The contravariant functor V 7→ D∗

cris,K(V ) establishes an anti-equivalence between the
category of p-adic representations of G crystalline over K and its essential image ([Fo2]).
We have D∗

cris,K

(
V (1)

)
= D∗

cris,K(V ){−1} where V (1) = Qp(1) ⊗Qp V is the usual Tate
twist.

A representation is potentially crystalline if it is crystalline over some finite extension.
Being crystalline depends only on the action of inertia ([Fo2] 5.1.5). Let K ⊆ F be two fi-
nite Galois extensions of Qp such that F/K is unramified, with respective maximal unram-
ified subfields K0 ⊆ F0. Then V is crystalline over K if and only if it is crystalline over F .
Let (D,Fil) be a filtered

(
ϕ,Gal(F/Qp)

)
-module. Then (D,Fil) = (F0⊗K0 D0, F ⊗K Fil0)
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where (D0,Fil0) is the filtered
(
ϕ,Gal(K/Qp)

)
-module obtained from (D,Fil) by taking

Gal(F/K)-invariants.

Let A0 be an abelian variety over Qp having potential good reduction. Then Vp(A0) is
potentially crystalline, and it is crystalline over K if and only if A0 has good reduction
over K ([Co-Io] Thm.4.7, see also [Br] Cor.5.3.4.). Then D∗

cris,K

(
Vp(A0)

)
= (D,Fil) has

Hodge-Tate type (0, 1) and dimK Fil1DK = dimA0.

1.1.2. Dieudonné modules. Let (D,Fil) be a filtered
(
ϕ,Gal(K/Qp)

)
-module. Forgetting

the filtration leads to the obvious notion of a
(
ϕ,Gal(K/Qp)

)
-module D, and forgetting

in addition the action of Gal(K/Qp) to a ϕ-module. Let k be the residue field of K. The
contravariant Dieudonné functor Γ 7→ D(Γ) establishes an anti-equivalence between the
category of p-divisible groups over k up to isogeny and its essential image in the category
of ϕ-modules (see e.g. [Fo4]).

Let A0 ×Qp K have good reduction, let A be the special fibre of the Néron model and
A(p) its associated p-divisible group over k. Put

D(A) =
def

D
(
A(p)

)
.

If D∗
cris,K

(
Vp(A0)

)
= (D,Fil) there is a canonical isomorphism of ϕ-modules D(A) ' D

allowing us to identify these two objects ([Fo5] Thm.6.2). The Frobenius ϕ on D(A) is
induced by the Frobenius endomorphism of A. The filtration Fil is a lifting datum, that
is, it carries the information that A(p) is the special fibre of a p-divisible group over the
ring of integers of K, namely the one of the Néron model. The action of Gal(K/Qp) is a
descent datum reflecting the fact that we actually started with an object defined over Qp.

1.1.3. Weil representations. A
(
ϕ,Gal(K/Qp)

)
-module is a semilinear object (unlessK0 =

Qp) and it is convenient to have a linear one at hand naturally attached to it. The Weil
group sits in the short exact sequence

1 −→ I −→W
υ−→ Z −→ 1.

A Weil representation over a characteristic zero field F is a finite dimensional F -linear
representation of W that is trivial on an open subgroup of I. From a

(
ϕ,Gal(K/Qp)

)
-

module D we get a Weil representation W(D) = (∆, ρ) over K0 as follows ([Fo3]): the
K0-vector space ∆ is D, and the action is given by

ρ(w) = (w mod WK)ϕ−υ(w) ∈ AutK0(∆), w ∈W.

We have IK ⊆ Ker ρ, that is, (∆, ρ) has good reduction over K. It is tame if Ip ⊂ Ker ρ
with Ip the maximal pro-p-group contained in I. The association D 7→W(D) is functorial
(covariant), and we have a canonical isomorphism

K0 ⊗Qp Homϕ,Gal(K/Qp)(D1, D2) ' HomW

(
W(D1),W(D2)

)
so that isomorphism classes are in bijection. We may always assume that K is a Galois
extension of minimal degree over which ∆ has good reduction ([Fo3] 1.3.7).

A semisimple Weil representation (∆, ρ) is defined over Q if Tr
(
ρ(w)

)
∈ Q for all w ∈W .

For each prime ` 6= p let ∆` be a Q`-linear semisimple Weil representation defined over
Q and let ∆p be a K0-linear one. The system (∆`)` is compatible if the trace maps are
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independent of `. It is known that abelian varieties with potential good reduction give
rise to such systems.

1.2. Abelian varieties.

1.2.1. The action of inertia. Let A0 be an abelian variety over Qp having potential good
reduction. Recall ([Se-Ta], [Gr2]) that there is a smallest extension M of Qun

p over which
A0 acquires good reduction. It is Galois over Qp, given by

GM = IM = I ∩Ker(ρ`)

where ` is any prime different from p and ρ` : G→ AutQ`

(
V`(A0)

)
the `-adic representa-

tion. Since M/Qp is Galois it can be descended to a finite totally ramified extension L of
Qp, that is, LQun

p = M . Let K be the Galois closure of L and k the residue field of K.
Then K/L is unramified, KQun

p = M , and Gal(K/Qp) = I(K/Qp)oGal(K/L) (semidirect
product) with Gal(K/L) ' Gal(k/Fp). Furthermore A0 has good reduction over L and K
is a Galois extension of minimal degree over which A0 acquires good reduction.

The group Gal(K/Qp) acts on A = A0 ×Qp K via its action on K. This extends
functorially to an action on the Néron model of A, and on its special fibre A/k. The inertia
subgroup acting trivially on k it acts on A by k-automorphisms, i.e. by an antimorphism

ν : I(K/Qp)→ Autk(A).

This map is injective because of the minimality of K. Indeed, Vp(A0) is crystalline over
KKer(ν) so A0 has good reduction over this field. Hence ν identifies I(K/Qp) with a finite
subgroup of Autk(A).

Of course this is nothing else than the classical Weil criterion ([We]). For each g ∈
Gal(K/Qp) let Ag be the twisted abelian variety over K, with the usual relation Agh =
(Ah)g. Since A is defined over Qp there exists a system of K-isomorphisms

fg : A ∼−→ Ag, g ∈ Gal(K/Qp)

satisfying the cocycle condition fgh = (fh)g ◦ fg for all g, h ∈ Gal(K/Qp). Now if g ∈
I(K/Qp) the special fibre of Ag is A, so by restriction to the inertia subgroup and passing
to special fibres we recover ν : I(K/Qp) ↪→ Autk(A).

Remark 1.1. Since A0 acquires good reduction over the totally ramified extension L we
have A = A0 ×Fp k, where A0/Fp is the special fibre of the Néron model of A0 ×Qp L.

Thus D∗
cris,K

(
Vp(A0)

)
= (D,Fil) is a

(
ϕ,Gal(K/Qp)

)
-filtered module with an action of

I(K/Qp) coming from the composite morphism

I(K/Qp) ↪→
ν

Autk(A) ↪→
can

Autϕ(D).

1.2.2. Galois descent. The following result is a converse to the situation explained in
section 1.2.1. Let F be a finite extension of Qp.

Theorem 1.2 ([Vo] Thm.4.5). Let K/F be a totally ramified finite Galois extension with
residue field k. Let A/K be an abelian variety having good reduction with special fibre
A/k. Then A can be defined over F if and only if the action of GK on Tp(A) extends to
an action of GF such that the induced morphism Gal(K/F ) = I(K/F ) → Autϕ

(
D(A)

)
factors through an an antimorphism I(K/F )→ Autk(A).
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Specifically, there is an abelian variety A0/F and a K-isomorphism ψ : A0 ×F K
∼−→

A inducing a GF -equivariant isomorphism Tp(ψ) : Tp(A0)
∼−→ Tp(A), with GF acting

naturally on Tp(A0) and by the given extended action on Tp(A). The pair (A0, ψ) is
unique up to F -isomorphism. Also, the smallest extension of F contained in K over which
A0 acquires good reduction is the field fixed by Ker ν.

The proof of theorem 1.2 is written in [Vo] for elliptic curves but it clearly applies to
abelian varieties without change. If we replace Tp(A) by Vp(A) the conclusion is that A
is K-isogenous to an abelian variety defined over F .

Consider now the following situation. Let F ⊆ L ⊆ K be finite extensions with K/F
Galois, L/F totally ramified, and K/L unramified, so Gal(K/F ) = I(K/F ) o Gal(K/L).
Let K0 be the maximal unramified subfield of K/F . Suppose we are given an abelian
variety A over L having good reduction, and let A be the special fibre of the Néron model
of A×LK. It then follows from theorem 1.2 together with [Vo] Lemma 4.6 that A can be
defined over F if and only if the action of GK on Tp(A) extends to an action of GF such
that:

(a) the action of GL coincides with the natural action on Tp(A), and
(b) the action of GK0 induces an action of I(K/F ) = Gal(K/K0) on D(A) that comes

from k-automorphisms of A.

1.2.3. Duality and polarisations. We keep the hypotheses and notations of section 1.2.1.
Let A∨0 be the dual abelian variety of A0. It also acquires good reduction over K (and L),
being Qp-isogenous to A0, thus yielding an injective antimorphism

ν ′ : I(K/Qp) ↪→ Autk(A∨).

Consider the system of K-isomorphisms furnished by the Weil criterion for A∨0

f̂g : A∨ ∼−→ (A∨)g = (Ag)∨, g ∈ Gal(K/Qp).

On the other hand, by dualising the system fg we had for A0 and taking inverses, we
obtain a set of K-isomorphisms for A∨0 that satisfies the cocycle condition. By unicity the
two systems must match, that is, f̂g =

(
(fg)∨

)−1 for all g ∈ Gal(K/Qp). Hence

ν ′(g) = (ν(g)∨)−1 for all g ∈ I(K/Qp).

Now take any Qp-polarisation Λ0 : A0 → A∨0 . Put Λ = Λ0 ×Qp K : A → A∨, and let
λ : A→ A∨ be obtained from Λ by taking special fibres of Néron models.

Lemma 1.3. We have ν
(
I(K/Qp)

)
⊆ Autk(A, λ) for any polarisation λ on A deduced

from one on A0.

Proof. Since Λ comes from the Qp-polarisation Λ0, it is compatible with the descent
systems of A0 and A∨0 , that is, Λgfg = f̂gΛ for all g ∈ Gal(K/Qp). Knowing that
f̂g =

(
(fg)∨

)−1 we obtain (fg)∨Λgfg = Λ for all g, which in turn gives, by restriction to
the inertia subgroup and taking special fibres, ν(g)∨λ ν(g) = λ for all g ∈ I(K/Qp). �
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2. Abelian varieties over finite fields

We have seen in section 1.2.1 how potential good reduction of abelian varieties involves
automorphisms of their special fibre. This raises the question of describing abelian varieties
over finite fields together with a finite group of automorphisms. This task is made possible,
at least up to isogeny, by the Honda-Tate theory which is reviewed in section 2.1. In
section 2.2 we investigate under what condition a simple endomorphism algebra contains
a subalgebra that naturally arises in a situation of tame potential good reduction (as in
section 3.3). We state this condition in terms of an arithmetic invariant in proposition 2.5.

2.1. The Honda-Tate theory. Let A be an abelian variety over k = Fq with q = ps and
let FrobA be its Frobenius endomorphism. The Q-algebra End◦k(A) = Q ⊗Z Endk(A) is
finite dimensional semisimple ([Mi] §12) with centre Q(FrobA) ([Ta1] Thm.2), call it the
Honda-Tate algebra of A/k. The action of FrobA on V`(A) for ` 6= p, or via ϕs on D(A)
for ` = p, is semisimple with characteristic polynomial PA ∈ Z[X] independent of ` and
monic of degree 2 dimA ([Mi] Prop.12.9). The splitting of A up to k-isogeny into powers of
pairwise nonisogenous simple varieties corresponds to the Wedderburn decomposition of
its Honda-Tate algebra, which itself is given by the factorisation of PA into Q-irreducibles.
If A ∼ Bn (k-isogenous) then End◦k(A) 'Mn

(
End◦k(B)

)
and if B is simple then End◦k(B)

is a skewfield. Tate’s theorems assert that we have canonical isomorphisms

Q` ⊗Z Homk(A,B) ' HomGal(Fp/k)

(
V`(A), V`(B)

)
for each ` 6= p ([Ta1]) and also

Qp ⊗Z Homk(A,B) ' Homϕ

(
D(B), D(A)

)
(see [Wa-Mi] §II for a proof). In particular A ∼ B if and only if PA = PB.

A q-Weil number is an algebraic integer such that all its conjugates have absolute value√
q in C. It is known that the roots of PA are q-Weil numbers ([Mi] §19). Thus the isogeny

class of a simple A is determined by the conjugacy class of a root π of PA. Conversely,
if π is a q-Weil number then by Honda’s theorem [Ho-Ta] there exists a simple abelian
variety A over k such that PA = Pmin(π)δ, where δ is determined by the conjugacy class
of π. The skewfield D = End◦k(A) is central of degree δ over F = Q(π), and the invariant
of D at a prime v of F is

inv(Fv ⊗F D) =


0 if v | ` with ` 6= p a rational prime
1
2 if v is real
fv ordv(π)

s if v | p, where fv = f(Fv/Qp) = residue degree

([Wa-Mi] Thm.8). If k = Fp and π has no real conjugate then End◦k(A) = F . For a simple
A/Fps the polynomial PA has real roots in only two cases:

(a) s is even and PA(X) = (X + ps/2)2 or (X − ps/2)2 (corresponding to a quadratic
twist), then A is a supersingular elliptic curve with End◦Fps (A) = Dp,∞ = the
quaternion algebra over Q ramified only at p and ∞

(b) s is odd and PA(X) = (X2 − ps)2, then A is an abelian surface with End◦Fps (A) =
the quaternion algebra over Q(

√
p) ramified only at the two infinite primes. Over

a quadratic extension A becomes isogenous to the product of two supersingular
elliptic curves of the second type above.
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So the invariant δ attached to the simple abelian variety A/k, or equivalently to the q-Weil
number π such that PA(π) = 0, is given by

δ =

2 if Pmin(π) has a real root

lcm
[
ordQ/Z

(
fv ordv(π)

s

)
, v | p in F

]
otherwise.

Definition 2.1. A monic polynomial P ∈ Z[X] is a p-Weil polynomial if all its roots in
Q are p-Weil numbers and its valuation at X2 − p is even.

Equivalently, all the roots are p-Weil numbers and P (0) = pdegP/2. Thus

P (X) = (X2 − p)2n0P1(X)n1 . . . Pm(X)nm

with Pi irreducibles in Z[X] having no real root. If A is an abelian variety over Fp then
PA is a p-Weil polynomial, and for each p-Weil polynomial P there is an A/Fp such that
PA = P . Specifically, there is a simple abelian surface A0 with PA0(X) = (X2 − p)2 and
for each i there is a simple Ai with PAi = Pi, so that we can take A =

∏
0≤i≤mA

ni
i . We

thus get a convenient correspondance between p-Weil polynomials and isogeny classes of
abelian varieties over Fp.

We conclude this section by an elementary remark on the behaviour under base change.
For P ∈ Q[X] splitting over Q as P (X) =

∏
i(X − λi) and s a positive integer, put

P (s)(X) =
def

∏
i

(X − λsi ).

One checks that P (s) ∈ Q[X], and if P is irreducible then P (s) is a power of an irreducible
in Q[X]. Now for A = A0 ×Fp Fps we have PA = P

(s)
A0

, consequently if A0/Fp is simple
then A ∼ Bn with B/Fps simple.

2.2. Honda-Tate algebras. We begin with a result on subalgebras, known to the experts
as Schofield’s Lemma, that will be used several times in this paper. The proof we present
here for the reader’s convenience is due to E. Frossard. Let K be any field and A, B two
central simple algebras over K. Denote by [A] the class of A in the Brauer group of K.

Lemma 2.2 ([Sc] 5, Lemma 9.1). There is a K-algebra embedding A ↪→ B if and only if
ind
(
[B]− [A]

)
deg A divides deg B.

Proof. Assume A ↪→ B and identify A with its image. Obviously deg A divides deg B. Let
C be the centraliser of A in B. Then A⊗K C = B, so [C] = [B]− [A] and ind

(
[C]
)

divides
deg C = deg B/deg A.

Conversely, assume deg B = n ind
(
[B] − [A]

)
deg A for some integer n. Let D be the

skewfield such that [D] = [B]− [A] and put B′ = A⊗KMn(D). Then [B′] = [A] + [D] = [B]
and deg B′ = n deg D deg A = n ind

(
[B]− [A]

)
deg A = deg B, hence B ' B′. �

Corollary 2.3. Let K be a number field. Then A ↪→ B if and only if Kv⊗K A ↪→ Kv⊗K B
for all places v of K.

Proof. Since K is a number field the global index is the least common multiple of the local
indices, whereas degrees are unchanged. �
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Let B/Fps be a simple abelian variety with ps-Weil number π, and D its Honda-Tate
division algebra with centre F = Q(π) and index δ. Let K0 = FracW (Fps) and ζr ∈ Q a
primitive rth root of unity.

Lemma 2.4. Assume r ≥ 3 is an integer prime to p such that s is the order of p in
(Z/rZ)×. Then F (ζr) splits D. Furthermore δ divides [F (ζr) : F ] and n = [F (ζr) : F ]/δ
is the smallest integer such that F (ζr) embeds in Mn(D).

Proof. Let v be a prime of F lying above p and fv the residue degree of Fv. Our assumption
on r implies that F (ζr)v = K0Fv. We have [K0Fv : Fv] = s/(s, fv), where (s, fv) =
gcd(s, fv), thus

[K0Fv : Fv] inv(Fv ⊗F D) =
fv

(s, fv)
ordv(π) ∈ Z.

So F (ζr)v splits Fv ⊗F D. At primes above ` 6= p we are in a split situation to start with.
At an archimedian prime ∞ we have F (ζr)∞ = C since r ≥ 3. Therefore F (ζr) splits D.
The rest follows from the index reduction theorem, see [Al] IV, §§9,10. Then F (ζr) is a
maximal subfield of M[F (ζr):F ]/δ(D). �

We use the standard notation
(
K/L, ω, α

)
for the cyclic algebra defined by the cyclic

extension K/L with Gal(K/L) = 〈ω〉 and α ∈ L× (see [Pi] 15.1). It is a simple algebra of
degree n = [K : L] over its centre L, and(

K/L, ω, α
)

=
⊕

0≤i<n
Kui with uxu−1 = ω(x) for all x ∈ K and un = α.

The element α is unique up to a norm from K to L. It follows from the Honda-Tate theory
that for v lying above p the algebra Fv ⊗F D is Brauer equivalent to(

K0Fv/Fv, σ
fv , πfv/(s,fv)

)
=
(
K0Fv/Fv, σ

(s,fv), π
)
.

Fix r ≥ 3 prime to p such that s = ord
(
p ∈ (Z/rZ)×

)
. Let m be a multiple of δ and

consider the central simple Honda-Tate algebra of degree m over F

Mm/δ(D) = End◦Fps (A) with A ∼ Bm/δ.

We assume that Gal
(
F (ζr)/F

)
contains an automorphism σp acting as ζr 7→ ζr

p (i.e.
F ∩ Q(ζr) is contained in the subfield of Q(ζr) fixed by ζr 7→ ζr

p). Let L be the field
fixed by σp. We want to state necessary and sufficient conditions for Mm/δ(D) to contain
a subalgebra isomorphic to the cyclic algebra of degree s over L

C(π) =
def

(
F (ζr)/L, σp, π

)
.

Lemma 2.4 shows that F (ζr) embeds in Mm/δ(D) if and only if [F (ζr) : F ] divides m.
The algebra M[F (ζr):F ]/δ(D) is then a crossed product

(
F (ζr)/F, c

)
for some 2-cocycle

c ∈ H2
(
Gal
(
F (ζr)/F

)
, F (ζr)×

)
([Pi] 14.1, 14.2). Pick an a ∈ L× such that

Res〈σp〉
(
F (ζr)/F, c

)
'
(
F (ζr)/L, σp, a

)
=
def
C(a)

where Res〈σp〉 is the algebra obtained by restriction to the subgroup 〈σp〉 of Gal
(
F (ζr)/F

)
([Pi] 14.7). The algebra C(a) is Brauer equivalent to L ⊗F D, being the centraliser
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of L in
(
F (ζr)/F, c

)
. Note that C(π) embeds in Mm/δ(D) if and only if it embeds in

Mm/[F (ζr):F ]

(
C(a)

)
, the centraliser of L in Mm/δ(D).

For each place v of L define

nv(r;π) =
def


ord
(
π ∈ L×v

/
NF (ζr)v/Lv

(
F (ζr)×v

))
if v lies above ` 6= p and ` | r

2 if Lv = R and π = ps/2 with s even
1 otherwise.

This integer is actually the order of π/a in L×v
/
NF (ζr)v/Lv

(
F (ζr)×v

)
. Indeed, it follows

from Honda-Tate that π/a is a local norm at each v | p and that a is a local norm at each
v | ` 6= p. Since π is an `-adic unit for ` 6= p, it is a local norm at v | ` whenever F (ζr)/L
is unramified at v, which is the case if ` does not divide r. Finally, L has a real place if
and only if s is even, π = ±ps/2, and ps/2 ≡ −1 mod r; then F = Q, D = Dp,∞ and a is
not a norm from C to R. Now put

n(r;π) =
def

lcm
(
nv(r;π), v place of L

)
.

The extension F (ζr)/L being cyclic n(r;π) is the order of π/a in L×
/
NF (ζr)/L

(
F (ζr)×

)
.

Proposition 2.5. Let r ≥ 3 be prime to p, s = ord
(
p ∈ (Z/rZ)×

)
, and End◦Fps (A) central

simple over F = Q(π). There is an embedding
(
F (ζr)/L, σp, π

)
↪→ End◦Fps (A) if and only

if [F (ζr) : F ]n(r;π) divides the degree of End◦Fps (A).

Proof. By lemma 2.4 [F (ζr) : F ] must divide m = degree of End◦Fps (A). According to
corollary 2.3 we have to show for each place v of L that

(ιv) Lv ⊗L C(π) ↪→ Lv ⊗LMm/[F (ζr):F ]

(
C(a)

)
holds if and only if nv(r;π) divides m/[F (ζr) : F ]. For v | p we have Fv = Lv and
Lv ⊗L C(π) '

(
K0Fv/Fv, σ

(s,fv), π
)
' Lv ⊗L C(a), so (ιv) holds. For v | ` 6= p we have

Lv ⊗LMm/[F (ζr):F ]

(
C(a)

)
'Mm/[L:F ](Lv) whereas Lv ⊗L C(π) 'Ms/nv(r;π)(Dv)

with Dv a skewfield of degree nv(r;π) over Lv. By lemma 2.2 (ιv) holds if and only if
nv(r;π) divides m/[F (ζr) : F ]. Finally, let v be archimedean. If Lv = C then (ιv) holds.
If Lv = R then s is even, π = ±ps/2, D = Dp,∞, and R⊗LC(a) 'Ms/2(H). For π = −ps/2

we have R⊗L C(π) 'Ms/2(H) and (ιv) holds. For π = ps/2 we have R⊗L C(π) 'Ms(R),
so by lemma 2.2 (ιv) holds if and only if nv(r;π) = 2 divides m/[F (ζr) : F ]. �

3. Galois pairs

We set the following notations. For an abelian variety A0/Fp put f0 = FrobA0 , A =
A0 ×Fp Fps , and f = FrobA = f0

s. Further K0 = FracW (Fps) and ∆(A) = W
(
D(A)

)
.

Recall that D(A0) is a Qp-vector space of dimension 2 dimA together with a Qp-linear
isomorphism ϕ0 : D(A0)

∼−→ D(A0) such that Pchar(ϕ0) = Pchar(f0), that D(A) is a K0-
vector space of the same dimension together with a σ-semilinear bijection ϕ : D(A) ∼−→
D(A) such that Pchar(ϕs) = Pchar(f), and that w ∈W acts on ∆(A) via ϕ−υ(w) (see 1.1.3).
We actually have

D(A) = K0 ⊗Qp D(A0) and ϕ = σ ⊗ ϕ0.
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Thus D(A) has a natural structure of a
(
ϕ,Gal(K0/Qp)

)
-module. Indeed, σ(λ ⊗ x0) =

σ(λ)⊗x0 for λ ∈ K0, x0 ∈ D(A0) defines a σ-semilinear action of Gal(K0/Qp) commuting
with ϕ, and then D(A0) = {x ∈ D(A) | σx = x}. We have

Qp ⊗Q End◦Fp
(A0) ' Endϕ0

(
D(A0)

)
' Endϕ,Gal(K0/Qp)

(
D(A)

)
.

We want to mimic the situation considered in section 1.2.1 where a
(
ϕ,Gal(K/Qp)

)
-module

structure was obtained onD(A) in a context of potential good reduction, withK a suitable
Galois extension of Qp containingK0. We first define in 3.1 the appropriate notion, namely
Galois pairs. In 3.2 we check that these objects yield the desired representations, be it(
ϕ,Gal(K/Qp)

)
-modules or Weil representations. We then specialise to the tame case

in 3.3 where we prove a decomposition result (proposition 3.9).

3.1. Definition of Galois pairs. For an abelian variety A over Fps consider the set of
Fps-isomorphisms from A to its various Gal(Fps/Fp)-twists

IstFps (A) =
def
{ψg = (g, ψ) | g ∈ Gal(Fps/Fp) and ψ : A ∼−→ Ag }.

For ψg : A ∼−→ Ag and ψh : A ∼−→ Ah in IstFps (A), set

ψg ∗ ψh =
def

(ψg)h ◦ ψh : A ∼−→ Agh = Ahg.

This defines a group structure on IstFps (A) with identity IdA; the inverse of ψg is (ψ−1
g )g

−1
.

The natural projection pr : IstFps (A) → Gal(Fps/Fp), ψg 7→ g, is a group morphism.
Its kernel is the normal subgroup AutFps (A) on which ∗ is the usual group law. Write
ψ[n] = ψ ∗ · · · ∗ ψ (n times) for n ∈ Z. Now let A0 be an abelian variety over Fp and put

fσ =
def

(IdA0 ⊗σ : A ∼−→ Aσ) ∈ IstFps (A).

The projection pr : f [n]
σ 7→ σn induces an isomorphism 〈fσ〉 ' Gal(Fps/Fp) which provides

a section for the short exact sequence

1 −→ AutFps (A) −→ IstFps (A)
pr−→ Gal(Fps/Fp) −→ 1.

Therefore when A = A0 ×Fp Fps we have IstFps (A) = AutFps (A) o 〈fσ〉.

Definition 3.1. Let K/Qp be a finite Galois extension with residue field Fps . A Galois
pair for K/Qp is a triple (A0,Γ, ν) where A0/Fp is an abelian variety, Γ is a finite subgroup
of AutFps (A), and ν : Gal(K/Qp)→ IstFps (A) is an antimorphism satisfying

(i) (pr ◦ ν)(g) = g mod I(K/Qp) for all g ∈ Gal(K/Qp)
(ii) Im ν = Γ o 〈fσ〉.

Observe that condition (i) is equivalent to the commutativity of the diagram

1 // I(K/Qp) //

ν
��

Gal(K/Qp) //

ν
��

Gal(Fps/Fp) // 1

1 // AutFps (A) // IstFps (A)
pr // Gal(Fps/Fp) // 1.

Condition (ii) further imposes ν
(
I(K/Qp)

)
= Γ and fσ ∈ Im ν.
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Remark 3.2. Changing K. Let (A0,Γ, ν) be a Galois pair for K/Qp.
1.Put K ′ = KKer ν . Since Ker ν ⊆ I(K/Qp) the extension K/K ′ is totally ramified

and K ′/Qp is Galois with residue field Fps . The induced ν ′ : Gal(K ′/Qp) ↪→ IstFps (A)
is injective and (A0,Γ, ν ′) is a Galois pair for K ′/Qp. The injectivity of ν ′ implies that
Gal(K ′/Qp) ' I(K ′/Qp) o Gal(Fps/Fp) (compare with section 1.2.1).

2. Assume ν injective. Let ω ∈ Gal(K/Qp) such that ν(ω) = fσ and L = K〈ω〉.
The largest normal subgroup of Gal(K/Qp) contained in 〈ω〉 is 〈ωr〉, where r is the least
positive integer such that ωr commutes with all elements in I(K/Qp). As ν is injective
the latter is equivalent to f [r]

σ ∗ γ = γ ∗ f [r]
σ for all γ ∈ Γ. Therefore the Galois closure of

L in K is F = LFracW (Fpr) with Fpr ⊆ Fps the smallest field of definition for Γ. Then ν
induces ν̄ : Gal(F/Qp) ↪→ IstFpr (A) and (A0,Γ, ν̄) is a Galois pair for F/Qp.

Call a Galois pair (A0,Γ, ν) for K/Qp minimal when ν is injective and Fps minimal with
respect to Γ.

Example 3.3. Let e ∈ {3, 4, 6} prime to p. Let L/Qp be totally ramified of degree e and
K its Galois closure. Then K/L is unramified of degree s, with s = 1 or 2 according to
p ≡ 1 or − 1 mod eZ, and Gal(K/Qp) = I(K/Qp) o Gal(K/L) ' Z/eZ o Z/sZ.

When s = 1 there is an ordinary elliptic curve E0/Fp with IstFp(E0) = AutFp(E0) =
〈−ζe〉, while when s = 2 there is a supersingular one with AutFp2 (E) = 〈−ζe〉, so
IstFp2 (E) = 〈−ζe〉 o 〈fσ〉 with fσζe = ζ−1

e fσ ([Si] III§10 and V4.4,4.5). In both cases
any injection ν : Gal(K/Qp) ↪→ IstFps (E) sending a generator of I(K/Qp) to ζe and the
generator of Gal(K/L) to fσ defines a minimal Galois pair (E0, 〈ζe〉, ν) for K/Qp.

Not all (A0,Γ) give rise to a minimal Galois pair for some K/Qp.

Example 3.4. Let A0 = B0
n so that AutFp(A0) contains a subgroup isomorphic to the

permutation group Sn. Let Γ be a cyclic subgroup of Sn of order e prime to p. Then there
exists a Galois extension K/Qp for which (A0,Γ, ν) is a minimal Galois pair for some ν if
and only if p ≡ 1 mod eZ.

Now fix K/Qp finite Galois. All the Galois pairs considered below, starting with
(A0,Γ, ν) and (A′

0,Γ
′, ν ′), are assumed to be Galois pairs for K/Qp. They form the objects

of a category.

Morphisms. A morphism of Galois pairs ψ0 : (A0,Γ, ν)→ (A′
0,Γ

′, ν ′) is an Fp-morphism
of abelian varieties ψ0 : A0 → A′

0 such that the diagram

A
ψ //

ν(g) o
��

A′

ν′(g)o
��

Aḡ
ψḡ

// A′ḡ

commutes for all g ∈ Gal(K/Qp), with ḡ = g mod I(K/Qp). There is an obvious notion of
isogeny of Galois pairs, just require in addition ψ0 to be an isogeny. Let EndFp,Γ(A0) be
the subring of EndFp(A0) consisting of elements commuting with all elements in Γ (after
base change to Fps). We have

EndGal pair

(
(A0,Γ, ν)

)
' EndFp,Γ(A0).



14 MAJA VOLKOV

Subobjects. Let B0 ⊆ A0 be an abelian subvariety such that Γ stabilises B = B0×Fp Fps .
We have fσ(B) = Bσ, so Im ν = Γ o 〈fσ〉 is realised by restriction to B as a subgroup
of IstFps (B). Then (B0,Γ|B, g 7→ ν(g)|B) is a Galois pair and the inclusion B0 ↪→ A0 a
morphism of Galois pairs.

Duals. Put Γ∨ = {γ∨, γ ∈ Γ} ⊆ AutFps (A∨). The dual of (A0,Γ, ν) is

(A0,Γ, ν)∨ =
def

(
A∨

0 ,Γ
∨, g 7→ ν(g)∨−1)

.

Note that a morphism λ0 : A0 → A∨
0 induces a morphism of Galois pairs if and only if

γ∨λ∨γ = λ for all γ ∈ Γ. When λ0 is a polarisation this means Γ ⊆ Aut(A, λ) (compare
with lemma 1.3), and we say that λ0 is a polarisation on (A0,Γ, ν).

Products.The fibre product of IstFps (A) and IstFps (A′) over Gal(Fps/Fp) (relative to the
projections pr and pr′) is a subgroup of IstFps (A×A′). Set

(A0,Γ, ν)× (A′
0,Γ

′, ν ′) = (A′′
0,Γ

′′, ν ′′)

with A′′
0 = A0 ×A′

0, Γ′′ = {
(
ν(g), ν ′(g)

)
, g ∈ I(K/Qp)} ⊆ Γ× Γ′, and

ν ′′ :

{
Gal(K/Qp) → IstFps (A)×Gal(Fps/Fp) IstFps (A′)
g 7→

(
ν(g), ν ′(g)

)
(which is well-defined since pr ◦ ν = pr′ ◦ ν ′). Then (A′′

0,Γ
′′, ν ′′) is a Galois pair and the

projections from A0 ×A′
0 to each factor are morphisms of Galois pairs.

Decompositions. Let B0 and C0 be Γ-stable Fp-subvarieties of A0. Then the morphism
B0 × C0 → A0, (b, c) 7→ b+ c induces a morphism of Galois pairs(

B0,Γ|B, g 7→ ν(g)|B
)
×
(
C0,Γ|C , g 7→ ν(g)|C

)
−→ (A0,Γ, ν).

In particular, if A0 is isogenous to a product of Γ-stable abelian varieties defined over Fp
then (A0,Γ, ν) is isogenous to the product of the Galois pairs associated to each factor.
Hence the category of Galois pairs for K/Qp up to isogeny is semisimple.

3.2. The representations associated to Galois pairs. The definition of a Galois pair
(A0,Γ, ν) for K/Qp has been taylored so to provide a

(
ϕ,Gal(K/Qp)

)
-module structure

on D(A), via ν. Indeed, passing to p-divisible groups and applying the functor D we get

Gal(K/Qp)
ν //

ν ''OOOOOOOOOOOO
IstFps (A)

� _

functor D
��

Ist∗Fps

(
D(A)

)
.

Here Ist∗Fps

(
D(A)

)
is the group of ϕ-module isomorphisms D(Ag) ∼−→ D(A) for all g ∈

Gal(Fps/Fp), the group law being functorially deduced from the one on IstFps (A). Note
that this time the diagonal ν is a genuine group morphism, thanks to contravariancy.
This obviously defines a σ-semilinear action of Gal(K/Qp) on D(A). Since fσ ∗ f0 = fσ ◦ f0
commutes with all elements in IstFps (A) and D(fσ ∗ f0) = σ⊗ϕ0 = ϕ this action commutes
with ϕ. We thus obtain the

(
ϕ,Gal(K/Qp)

)
-module structure on D(A) associated to the

Galois pair (A0,Γ, ν).
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The association (A0,Γ, ν) 7→ D(A) from the category of Galois pairs for K/Qp to that
of
(
ϕ,Gal(K/Qp)

)
-modules is functorial (contravariant). It is faithful, isogenies of Ga-

lois pairs yielding isomorphisms of
(
ϕ,Gal(K/Qp)

)
-modules. The (ϕ,Gal(K/Qp))-module

D(A∨) associated to (A0,Γ, ν)∨ is isomorphic to the twisted dual D(A)∗{−1} of D(A),
since the dual action of an element in I(K/Qp) is the inverse of the dual of its image in
Autϕ

(
D(A)

)
. If (A0,Γ, ν) = (A′

0,Γ
′, ν ′)× (A′′

0,Γ
′′, ν ′′) then D(A) = D(A′)⊕D(A′′).

Remark 3.5. We have canonical isomorphisms

Qp ⊗Z EndGal pair

(
(A0,Γ, ν)

)
' Qp ⊗Q End◦Fp,Γ(A0) ' Endϕ,Gal(K/Qp)

(
D(A)

)
.

We now construct the associated Weil pair (A0,Γ, ρ). Replacing K by the subfield fixed
by Ker ν we may assume that ν is injective. Recall that υ : W � Z sends a lifting of the
absolute Frobenius to 1, and let σ0 ∈W be one such lifting with σ0 mod WK = ν−1(fσ) ∈
Gal(K/Qp). Put

ρ :

W → End◦Fps (A)×

w 7→
(
(fσ ∗ f0)[υ(w)]

)−1
ν(w mod WK).

One checks that ρ is a well-defined antimorphism satisfying ρ(σ−1
0 ) = f0 and ρ(I) = Γ. If

we let M = KQun
p then Weil(M/Qp) = W/IK = I(K/Qp) o 〈σ0〉 and ρ yields an injection

ρ : Weil(M/Qp) ↪→ AutFps (A) o 〈f0〉 ⊆ End◦Fps (A)×

with image Γ o 〈f0〉. We thus obtain the associated Weil representation

Weil(M/Qp) � � ρ //
� u

ρ
((PPPPPPPPPPPPP

End◦Fps (A)×
� _

functor ∆
��

AutK0

(
∆(A)

)
.

Remark 3.6. View the anti-embedding End◦Fps (A) ↪→ EndK0

(
∆(A)

)
as a faithful algebra

representation. The action of a simple subalgebra E of End◦Fps (A) is 2d/fδ times the direct
sum of the reduced representation of E (tensored byK0), where d = dimA, f = [Z(E) : Q]
and δ = degE ([Mi] Prop.12.12, replacing V`(A) by ∆(A)). Recall that the reduced
representation of E is the direct sum of the f nonisomorphic representations of E over Q
furnished by the f distinct embeddings of Z(E) in Q. It is defined over Q.

Conversely, suppose ρ : W → End◦Fps (A)× is an antimorphism such that ρ(σ−1
0 ) = f0

and ρ(I) = Γ. Then Ker ρ is a subgroup of I of finite index and determines a Galois
extension M of Qp containing Qun

p . As in section 1.2.1 let K be the Galois closure of a
totally ramified extension of Qp generating M over Qun

p . Define an injective antimorphism
by

ν :

{
Gal(K/Qp) ↪→ IstFps (A) = AutFps (A) o 〈fσ〉
g 7→ η

(
ρ(g̃) mod 〈f〉

)
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where g̃ is any lifting of g in Weil(M/Qp) and η is
(
f0 mod 〈f〉

)n
γ 7→ f

[n]
σ ∗ γ for γ ∈

AutFps (A). We then have a commutative diagram

Weil(M/Qp)

mod WK/IK

����

� � ρ // AutFps (A) o 〈f0〉

mod 〈f〉
����

AutFps (A) o 〈f0 mod 〈f〉〉

ηo
��

Gal(K/Qp) � � ν // IstFps (A).

Hence these constructions are inverse one to the other, and, when passing to representa-
tions, ν 7→ ρ corresponds to D 7→W(D) = ∆ whereas ρ 7→ ν corresponds to a “section”
∆ 7→ D.

Remark 3.7. K/Qp is a Galois extension of minimal degree over which ∆(A) acquires
good reduction if and only if (A0,Γ, ν) is minimal.

3.3. Tame Galois pairs. Let (A0,Γ, ν) be a Galois pair for K/Qp such that Γ is of order
e prime to p. Then KKer ν/Qp is tame and we say that (A0,Γ, ν) is a tame Galois pair. In
this case Γ is a cyclic group generated by an element τ satisfying the relation

f0τ = τpf0 in EndFps (A).

We may assume that Fps is the smallest field of definition for Γ (remark 3.2), which
implies that s is the order of p in (Z/eZ)×. Consider the semisimple subalgebra Q[f0, τ ]
of End◦Fps (A) generated over Q by f0 and τ .

Definition 3.8. The Galois pair (A0, 〈τ〉, ν) is cyclic if Q[f0, τ ] is a cyclic algebra.

Note that End◦Fps (A) is central simple over Q(f) when (A0, 〈τ〉, ν) is cyclic, as Pmin(f)
is then irreducible in Q[X].

Proposition 3.9. A tame Galois pair is isogenous to a product of cyclic ones. A cyclic
tame Galois pair (A0, 〈τ〉, ν) with r = ord(τ) and s = ord

(
p ∈ (Z/rZ)×

)
satisfies

Q[f0, τ ] '
(
F (ζr)/L, σp, π

)
where π is the associated ps-Weil number, ζr ∈ Q is a primitive rth root of unity, F =
Q(π), σp(π) = π, σp(ζr) = ζr

p, and L = F (ζr)〈σp〉.

Proof. Let (A0, 〈τ〉, ν) be a tame Galois pair with e = ord(τ) and s = ord
(
p ∈ (Z/eZ)×

)
.

Recall from section 3.1 that a splitting of A0 up to isogeny into a product of Fp-defined,
τ -stable abelian varieties yields a splitting of (A0, 〈τ〉, ν) up to isogeny accordingly. The
minimal polynomial in Q[X] annihilating τ writes as

Pmin(τ) =
∏
r∈S

Φr

where Φr is the rth cyclotomic polynomial, and S is a set of positive integers dividing e such
that lcm(r ∈ S) = e. For r ∈ S the connected component of Ker

(
Φr(τ)

)
containing the

identity is an abelian subvariety Ar of A, and A ∼
∏
r∈S Ar over Fps . The Ar’s are stable
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by τ which restricts to an automorphism with Pmin equal to Φr. As r is prime to p we have
Pmin(τp) = Pmin(τ). The relation f0Φr(τ) = Φr(τp)f0 implies that Φr(τp)

(
f0(Ar)

)
= 0,

which shows that f0(Ar) ⊆ Ar and therefore Ar is defined over Fp.
So assume Pmin(τ) = Φr and s = ord

(
p ∈ (Z/rZ)×

)
. The centre Z(Q[f0, τ ]) is a product

of number fields containing Q[f]. As above this decomposition splits A into the product
of abelian varieties over Fps each of which is stable by τ and by f0, hence defined over Fp.

Now (A0, 〈τ〉, ν) is a tame Galois pair such that

Pmin(τ) = Φr and Z(Q[f0, τ ]) = L is a field.

It follows that Q[f, τ ] is a field. Indeed, as an étale algebra Q[f, τ ] is a product of number
fields

∏
jKj , on which f0 acts by conjugation c0 : x 7→ f0xf

−1
0 . Since c0(f) = f and

c0(τ) = τp this action preserves the direct factors, thus Q[f, τ ]〈c0〉 =
∏
j Lj with Lj the

subfield of Kj fixed by c0. But the centre of Q[f0, τ ] is the intersection of the centraliser
Q[f, τ ] of τ and that of f0, so L = Q[f, τ ]〈c0〉 and Q[f, τ ] is a field.

Let π ∈ Q be a root of the Q-irreducible polynomial Pmin(f) and let F = Q(π). We
have an isomorphism Q[f, τ ] ' F (ζr) given by f 7→ π and τ 7→ ζr. The conjugation c0 on
Q[f, τ ] translates to an element σp ∈ Gal

(
F (ζr)/F

)
acting as σp(ζr) = ζr

p, and L is the
subfield of F (ζr) fixed by it, so that F (ζr)/L is cyclic of degree s. Finally we obtain an
isomorphism

Q[f0, τ ]
∼−→
(
F (ζr)/L, σp, π

)
by τ 7→ ζr and f0 7→ up such that upxu−1

p = σp(x) for all x ∈ F (ζr) and usp = π. �

4. Representations arising from abelian varieties over Fp
We now aim to describe the tame representations arising from Galois pairs. Some gen-

eral facts on semisimple representations defined over Q are proved in section 4.1. Corol-
lary 4.2 is important as it shows how to decompose such a ∆ into subobjects, that is,
subrepresentations defined over Q. Lemma 4.3 deals with the arithmetic of ∆ in the
abelian case; it is used in section 4.4 where some explicit examples are given in dimension
1 and 2. In section 4.2 we restrict to the tame case. The decomposition of ∆ is carried out
in detail in proposition 4.4. It leads to the introduction of an arithmetic invariant (defini-
tion 4.6), that is trivial when ∆ comes from a Galois pair (proposition 4.9). This gives a
new condition for a

(
ϕ,Gal(K/Qp)

)
-module to arise from a Galois pair. In section 4.3 we

show that requiring this condition to hold in addition to the classical ones (Weil numbers,
symplectic structure) is enough to guarantee that a

(
ϕ,Gal(K/Qp)

)
-module comes from

a Galois pair (theorem 4.11).

4.1. Semisimple representations defined over Q. Let L/K be a characteristic zero
field extension and V a finite dimensional L-vector space. A subgroup H of AutL(V ) is
defined over K if Pchar(u) ∈ K[X] for all u ∈ H. When H consists of semisimple elements
this is equivalent to Tr(u) ∈ K for all u ∈ H.

Lemma 4.1. Let f and g be two semisimple elements in EndL(V ) such that Tr(gn) ∈ K
and Tr(fgn) ∈ K for all integers n. Let W be a subspace of the form W = KerP (g) for
some P ∈ K[X] and assume f(W ) ⊆W . Then Tr(f|W ) ∈ K.



18 MAJA VOLKOV

Proof. Put h = P (g) ∈ EndL(V ): it is a semisimple element such that Tr(fhn) ∈ K for all
n, and W = Kerh. Moreover, Pchar(h) ∈ K[X] because P ∈ K[X] and Pchar(g) ∈ K[X]
by assumption. Write Pchar(h)(X) = XmR(X) with R(X) ∈ K[X] and R(0) 6= 0, which
gives the decomposition V = W ⊕KerR(h). Now fR(h) stabilises W with(

fR(h)
)
|W = R(0)f|W

and vanishes on KerR(h), so that

Tr
(
fR(h)

)
= R(0)Tr(f|W ).

Since Tr
(
fR(h)

)
∈ K and R(0) ∈ K× we get Tr(f|W ) ∈ K. �

Corollary 4.2. Let (∆, ρ) be a Weil representation over L that is semisimple and defined
over Q. Let u ∈ Im ρ and P ∈ Q[X] such that P (u) = 0. Assume P = P1P2 with
Pi ∈ Q[X] coprime and each ∆i = KerPi(u) stable by ρ. Then ∆ = ∆1 ⊕ ∆2 with ∆i

defined over Q.

Proof. Since elements in Im ρ have either finite order or generate a subgroup of finite index,
the semisimplicity assumption implies that they are semisimple. Then apply lemma 4.1
to K = Q, f ∈ Im ρ, g = u and W = ∆i. �

For u ∈ EndL(V ) let Specu be the set of u’s eigenvalues in an algebraic closure L of L.

Lemma 4.3. Let u and v be two semisimple commuting elements in AutL(V ) such that
〈u, v〉 is defined over K and Pchar(u) = Pmin(u). Then Spec v ⊂ K(Specu).

Proof. The assumptions imply that u and v are codiagonalisable in L ⊗L V and that
Pchar(u) has distinct roots. Let d = dimL V . By semisimplicity 〈u, v〉 is defined over K if
and only if Tr(uivj) ∈ K for all 0 ≤ i, j ≤ d − 1. For x1, . . . , xd ∈ L let V(x1, . . . , xd) be
the Vandermonde matrix

V(x1, . . . , xd) =


1 1 . . . 1
x1 x2 . . . xd
x2

1 x2
2 . . . x2

d
...

...
...

xd−1
1 xd−1

2 . . . xd−1
d


Pick a basis of L⊗LV over which the matrices of u and v are respectively Diag(α1, . . . , αd)
and Diag(β1, . . . , βd). Let T =

(
Tr(uivj)

)
i,j
∈Md(K). We have

V(α1, . . . , αd)V(β1, . . . , βd)t = T

where M t is the transpose of M . But V(α1, . . . , αd) is invertible as the αi’s are distinct.
So V(β1, . . . , βd)t = V(α1, . . . , αd)−1T , hence βr ∈ K(α1, . . . , αd) for all 1 ≤ r ≤ d. �

4.2. An arithmetic invariant. All the Weil representations considered in this section
are over a finite unramified extension of Qp and assumed to be semisimple, defined over
Q, and tame. By subobjects we mean subrepresentations defined over Q. For such an
object ∆ = (∆, ρ) over K0 we fix the following notations. Let φ0 be the image by ρ of
a lifting of the geometric Frobenius and θ a generator of ρ(I). Then Im ρ = 〈φ0, θ〉 with
the relation φ0θ = θpφ0. The algebra Q[φ0, θ] ⊂ EndK0(∆) spanned over Q by Im ρ is
finite dimensional over Q (because ∆ is defined over Q) and semisimple (because ∆ is).
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As usual ζr ∈ Q is a primitive rth root of unity and Φr is the rth cyclotomic polynomial.
The following result is a representation analogue of proposition 3.9.

Proposition 4.4. An object ∆ decomposes as

∆ =
⊕

(r;π)∈S(∆)

∆(r;π)

where S(∆) is a finite set of elements (r;π) with r an integer prime to p, π ∈ Q a root
of Pmin(φs0), s = ord

(
p ∈ (Z/rZ)×

)
, and ∆(r;π) is a subobject enjoying the following

properties:
(a) Pmin(θ) = Φr and Z(Q[φ0, θ]) ' L = a number field,
(b) [F (ζr) : Q] divides dim ∆(r;π), with F = Q(π),
(c) Gal(F (ζr)/F ) contains an element σp such that σp(ζr) = ζr

p, and
(d) Q[φ0, θ] '

(
F (ζr)/L, σp, π

)
by θ 7→ ζr, φ0 7→ up such that upxu−1

p = σp(x) for all
x ∈ F (ζr) and usp = π.

Proof. ∆ being semisimple and defined over Q we have Pmin(θ) =
∏
r Φr with r | ord(θ)

and lcm(all r) = ord(θ). As r is prime to p we see that φ0 stabilises each KerΦr(θ), and
by corollary 4.2 the representation restricted to Ker Φr(θ) is defined over Q. So we may
assume that Pmin(θ) = Φr for some r. Let s be the order of p in (Z/rZ)×. Then we take
K0 = FracW (Fps) and φ = φs0 is the smallest power of φ0 commuting with θ. Again by
corollary 4.2 we may assume that Pmin(u) is irreducible in Q[X] for all u in Z(Q[φ0, θ]), i.e.
that the centre of Q[φ0, θ] is a field. The element φ0 acts by conjugation c0 : u 7→ φ0uφ

−1
0

on Q[φ, θ] and the same argument as in the proof of proposition 3.9 shows that Q[φ, θ] is
a field as well.

Codiagonalise φ and θ in Qp ⊗K0 ∆ and let π ∈ Q be such that π and ζr are the
eigenvalues, for φ and θ respectively, of some common eigenvector. Put F = Q(π). If
u ∈ Q[φ, θ] writes as u = P (φ, θ) for some P ∈ Q[X,Y ] then ξ = P (π, ζr) ∈ Specu. Since
Pmin(u) is irreducible in Q[X] we have

Pmin(u) = Pmin(ξ)

the right-hand side being the minimal polynomial over Q of an algebraic number. Pick a
primitive element ξ0 for F (ζr)/Q, i.e. such that F (ζr) = Q(ξ0). Let P0 ∈ Q[X,Y ] be such
that P0(π, ζr) = ξ0 and put u0 = P0(φ, θ). Then Pmin(u0) = Pmin(ξ0), so dimQ Q[u0] =
[F (ζr) : Q] which divides dimK0 ∆, and Q[φ, θ] = Q[u0]. The choice of ξ0 yields a Q-
algebra isomorphism

Q[φ, θ] ∼−→ F (ζr)

mapping u0 to ξ0 (thus φ 7→ π and θ 7→ ζr). By transport of structure the automorphism
c0 is carried to an element σp ∈ Gal(F (ζr)/F ) acting as ζr 7→ ζr

p. Hence the above
isomorphism identifies Z(Q[φ0, θ]) with the subfield L of F (ζr) fixed by σp. Finally we get
an isomorphism

Q[φ0, θ]
∼−→
(
F (ζr)/L, σp, π

)
by sending φ0 to an element up such that upxu−1

p = σp(x) for all x ∈ F (ζr) and usp = π. �

Remark 4.5. The object ∆(r;π) is determined up to isomorphism by its dimension
together with property (d) in proposition 4.4.
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Call such a ∆(r;π) Q-elementary and ∆ =
⊕

(r;π)∈S(∆) ∆(r;π) the Q-elementary de-
composition of ∆. The Q-elementary decomposition of ∆ is unique up to isomorphism.

Now assume that the roots of Pchar(φ0) are p-Weil numbers, hence π is a ps-Weil number.
We proceed to define a numerical invariant n(∆) attached to ∆. Consider first an invariant
attached to a Q-elementary object ∆(r;π) with associated cyclic algebra

(
F (ζr)/L, σp, π

)
as in proposition 4.4. Put n(1;π) = n(2;π) = 1, and for r ≥ 3 recall that we have
introduced in section 2.2 the integer

n(r;π) =
def

lcm
(
nv(r;π), v place of L

)
with nv(r;π) = order of π modulo the norm group of F (ζr)v/Lv if v lies above ` 6= p and
` divides r, nv(r;π) = 2 if Lv = R and π = ps/2, s even, and nv(r;π) = 1 otherwise. We
further define

n(∆) =
def

lcm

(
n(r;π)

gcd
(
n(r;π), dim ∆(r;π)

[Q(ζr,π):Q]

) , (r;π) ∈ S(∆)

)
.

It is an invariant of the isomorphism class of ∆.

Definition 4.6. The object ∆ is of Tate type if n(∆) = 1.

Equivalently, ∆ is of Tate type if each object ∆(r;π) of its Q-elementary decomposition
has dimension divisible by [Q(ζr, π) : Q]n(r;π).

Remark 4.7. Any ∆ on which I acts trivially is of Tate type.

Remark 4.8. The object n∆ = ∆ ⊕ · · · ⊕ ∆ (n times) is of Tate type if and only if n
divides n(∆). In particular n(∆) is the smallest integer n such that n∆ is of Tate type.

The introduction of the invariant n(∆) and definition 4.6 are motivated by the following
result.

Proposition 4.9. Let (A0, 〈τ〉, ν) be a tame Galois pair and ∆(A) its associated Weil
representation. Then ∆(A) is of Tate type.

Proof. The splitting of (A0, 〈τ〉, ν) up to isogeny into a product of cyclic Galois pairs as in
propsition 3.9 corresponds to the Q-elementary decomposition of ∆(A) up to isomorphism.
If (A0, 〈τ〉, ν) is cyclic with Q[f0, τ ] '

(
F (ζr)/L, σp, π

)
then ∆(A) is isomorphic to a Q-

elementary ∆(r;π). It then follows from proposition 2.5 that [F (ζr) : Q]n(r;π) divides
[F : Q] deg End◦Fps (A) = dim ∆(A). �

Remark 4.10. Say ∆ is `-adically realisable if there exists a compatible system (∆`)` of `-
adic Weil representations (see 1.1.3), ` running over all rational primes, such that ∆ ' ∆p.
Using lemma 2.2, one checks that ∆ is of Tate type if and only if it is `-adically realisable
and 2 ord(Z/rZ)× divides dim ∆(r; ps/2) for each Q-elementary subobject ∆(r; ps/2) with
r ≥ 3 and L totally real.

4.3. Tame representations arising from Galois pairs. Let K/Qp be a finite tame
Galois extension with maximal unramified subfield K0. We have Gal(K/Qp) ' I(K/Qp)o
Gal(K0/Qp). Let D be a

(
ϕ,Gal(K/Qp)

)
-module. Recall that the restriction of ϕ on

the sub-Qp-vector space of D consisting of elements fixed by Gal(K0/Qp) is a Qp-linear
isomorphism ϕ0. Consider the following conditions on D:
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(1) ϕ0 acts semisimply and Pchar(ϕ0) is a p-Weil polynomial
(2) W(D) is defined over Q and of Tate type
(3) There exists a nondegenerate skew form D ×D → K0{−1}.

The skew form in (3) is to be understood in the category of
(
ϕ,Gal(K/Qp)

)
-modules: ϕ0

is a p-similitude (i.e. 〈ϕx, ϕy〉 = p〈x, y〉 for all x, y ∈ D) and I(K/Qp) acts by isometries.
The semisimplicity condition in (1) is equivalent to W(D) being semisimple.

Theorem 4.11. Let K/Qp be a finite tame Galois extension and D a
(
ϕ,Gal(K/Qp)

)
-

module. The following are equivalent:
(i) There exists a Galois pair (A0, 〈τ〉, ν) for K/Qp such that D ' D(A)
(ii) D satisfies conditions (1), (2), and (3).

In other words, a tame
(
ϕ,Gal(K/Qp)

)
-module satisfying (1) is “geometric” if and

only if it also satisfies (2) and (3). There is an obvious equivalent description for Weil
representations.

Proof. Let D(A) be the
(
ϕ,Gal(K/Qp)

)
-module attached to a tame Galois pair for K/Qp.

It is known that D(A) satisfies (1) (cf. 2.1) and is defined over Q ([Se-Ta] Cor. to Thm.3).
Proposition 4.9 shows that it is of Tate type and proposition 5.3 that it satisfies (3).

Now let D be a
(
ϕ,Gal(K/Qp)

)
-module satisfying conditions (1), (2), and (3). Clearly

we may work with Weil representations, i.e. it is enough to show the existence of a tame
Galois pair (A0, 〈τ〉, ν) for K/Qp such that W(D) = ∆ ' ∆(A). Recall that φ0 = W(ϕ0).
Let ∆ =

⊕
∆(r;π) be the Q-elementary decomposition as in proposition 4.4. The W -

equivariant nondegenerate skew form ∆×∆→ K0{−1} furnished by condition (3) yields
a linear automorphism ψ of ∆ such that pψφ−1

0 = φ0ψ and ψθ = θψ (and conversely ψ
determines the skew form). These relations show that ψ

(
∆(r; psπ−1)

)
= ∆(r;π), with s =

ord
(
p ∈ (Z/rZ)×

)
, and so the restriction of the skew form to each ∆(r;π) is nondegenerate.

In particular the restriction of φ0 is a symplectic p-similitude, which implies that Pchar(φ0)
remains a p-Weil polynomial on ∆(r;π). Indeed, all we have to check is that its valuation
at X2 − p stays even (see definiton 2.1); but if it wasn’t the case the determinant would
be −pn for some n, a contradiction. Hence we may assume that ∆ = ∆(r;π) and K0 =
FracW (Fps) with s = ord

(
p ∈ (Z/rZ)×

)
.

Condition (1) implies the existence of an abelian variety A0 over Fp such that Pchar(f0) =
Pchar(φ0). If r = 1 or 2 we obviously take τ = 1 and τ = −1 respectively, so we may assume
r ≥ 3. We have Pchar(f) = Pchar(φs0) = Pmin(π)m for some integer m. Put F = Q(π) and
let δ be the invariant attached to the ps-Weil number π (see 2.1). By lemmas 2.4 and 4.4
(b) we have the chain divisibility

δ | [F (ζr) : F ] | m =
dim ∆
[F : Q]

.

Since Pmin(π) is irreducible A is isogenous to the (m/δ)th power of some simple abelian
variety over Fps with Honda-Tate division algebra D of degree δ over F . Thus

End◦Fps (A) = Mm/δ(D).

Condition (2) means that [F (ζr) : F ]n(r;π) divides m, the degree of End◦Fps (A). Proposi-
tion 2.5 then implies the existence of an embedding

ι :
(
F (ζr)/L, σp, π

)
↪→ End◦Fps (A)
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such that ι(up) = f0, where up ∈
(
F (ζr)/L, σp, π

)
satisfies upxu−1

p = σp(x) for all x ∈ F (ζr)
and usp = π. Let τ = ι(ζr). By Waterhouse’s result [Wa] Thm.3.13 any maximal order in
End◦Fps (A) containing both f0 and τ is the endomorphism ring over Fps of an abelian variety,
which is defined over Fp and isogenous to A0. Replacing A0 by it we obtain τ ∈ AutFps (A).
Define an antimorphism ρ : W → End◦Fps (A)× by setting ρ(IK) = 1 and sending an
element of W acting on ∆ as θ (resp. φ0) to τ (resp. f0). Let ν : Gal(K/Qp)→ IstFps (A)
be deduced from ρ (as in section 3.2). Then (A0, 〈τ〉, ν) is a (minimal) Galois pair for
K/Qp such that ∆(A) ' ∆. �

Consider now a condition weaker than (2) on a
(
ϕ,Gal(K/Qp)

)
-module D:

(2′) W(D) is defined over Q.

Writting n(D) for the invariant n
(
W(D)

)
of definition 4.6, the remark 4.8 leads to an

alternate formulation of theorem 4.11.

Corollary 4.12. Let D be a tame
(
ϕ,Gal(K/Qp)

)
-module. The following are equivalent:

(i) There exists a positive integer n such that nD ' D(A) for some Galois pair
(A0, 〈τ〉, ν) for K/Qp

(ii) D satisfies conditions (1), (2′), and (3).
Moreover when (ii) holds the integers n as in (i) are the multiples of n(D).

4.4. Some examples in low dimension. We keep the notations of section 4.3 and let ∆
be a tame Weil representation satisfying conditions (1), (2), and (3). In each of the cases
below we exhibit an abelian variety A0 with automorphism τ , from which one deduces as
in the proof of theorem 4.11 a minimal Galois pair (A0, 〈τ〉, ν) such that ∆(A) ' ∆.

4.4.1. Elliptic curves. Let ∆ be 2-dimensional with Pchar(θ) = Φe and e ∈ {3, 4, 6}. The
order of p in (Z/eZ)× is either 1 or 2. Let A0 = E/Fp be an elliptic curve whose Frobenius
has characteristic polynomial Pchar(φ0). Recall that E is ordinary if Tr(φ0) is prime to p
and supersingular otherwise.

If p ≡ 1 mod eZ the representation is abelian and lemma 4.3 implies End◦Fp
(E) = Q(ζe).

This is a quadratic extension of Q unramified at p, so Tr(φ0) is prime to p and E is ordinary.
Then τ = ζe or ζ−1

e (yielding nonisomorphic representations).
If p ≡ −1 mod eZ the relation φ0θ = θ−1φ0 implies Tr(φ0) = 0. Thus E is supersingular

with ζe ∈ End◦Fp2
(E) = Dp,∞. Then we may take τ = ζe (taking ζ−1

e yields an isomorphic
representation).

An explicit description of the Weil representations arising from elliptic curves over Fp
when p > 3 can be found in [Vo] 2.1.

4.4.2. The product of two supersingular elliptic curves. Let ∆ be 4-dimensional with
Pchar(θ) = Φ8 (so p 6= 2) and Pchar(φ0)(X) = (X2 + p)2. Let E/Fp be a supersingular
elliptic curve whose Frobenius has characteristic polynomial X2 +p. We have End◦Fp

(E) =
Q(
√
−p) and End◦Fp2

(E) = Dp,∞. Take A0 = E × E, so End◦Fp2
(A0) = M2(Dp,∞).

If p ≡ 1 mod 8 then lemma 4.3 implies Q(
√
−p) ⊂ Q(ζ8), which is impossible since

Q(ζ8) is unramified at p.
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If p ≡ 3 mod 8 then ζ4 ∈ Dp,∞ and we may take τ =
(

0 −1
2 + 1

2ζ4
1− ζ4 0

)
.

If p ≡ 5 mod 8 then ξ ∈ Dp,∞ with ξ2 + 2 = 0 and we may take τ =
(
ξ−1 ξ−1

−ξ−1 ξ−1

)
.

If p ≡ −1 mod 8 then ζ4 ∈ Dp,∞ and we may take τ =
(

0 1
2 + 1

2ζ4
1 + ζ4 0

)
.

5. Representations arising from abelian varieties over Qp

We now proceed to describe the p-adic representations of G arising from abelian varieties
with tame potential good reduction. In order to achieve this we want to lift abelian vari-
eties over finite fields to characteristic 0 and then descend them to Qp. As the appropriate
descent theory is available (see 1.2.2), we are here mainly concerned by the lifting proce-
dure, which involves polarisations. Polarisations over finite fields are handled via Rosati
involutions, as explained in section 5.1. In section 5.2 we show that a tame Galois pair
can be polarised (proposition 5.3). In section 5.3 we show that when the

(
ϕ,Gal(K/Qp)

)
-

module attached to a tame Galois pair admits a symplectic lift, there exists a polarisation
λ on the Galois pair and an isomorphic lift of the pair (D,λ) (proposition 5.5). We finally
prove our main result in section 5.4 (theorem 5.7).

5.1. Polarisations and Rosati involutions. Let k be a finite extension of Fp and A/k
an abelian variety. Fix a polarisation λ = λL : A → A∨ induced by an ample invertible
sheaf L on A ([Mi] Rmk.13.2). The associated Rosati involution † on End◦k(A) is

α 7→ α† = λ−1α∨λ.

It is positive definite, i.e. the bilinear form (α, β) 7→ Tr(α†β) is. If α† = α then all the
roots of its reduced characteristic polynomial Prd(α) lie in R. Write End◦k(A)† for the
sub-Q-vector space of End◦k(A) consisting of elements fixed by † and define

Pol(A) =
def
{α ∈ End◦k(A)† | Roots

(
Prd(α)

)
⊂ R>0}.

All polarisations in Hom◦
k(A,A

∨), i.e. elements µ such that mµ is a polarisation on A for
some positive integer m, have the form

µ = λα for some α ∈ Pol(A).

Indeed, an isogeny µ : A → A∨ is induced by an invertible sheaf M if and only if λ−1µ
is fixed by † ([Mi] Prop.17.2); this is equivalent to µ being symmetric, i.e. µ∨ = µ under
A∨∨ ' A. Then M is ample if and only if all the roots of Prd(λ−1µ) are positive ([Mu]
21, application III, top of p.210).

If D = D(A) then D(A∨) = D∗{−1} and λ yields an isomorphism of ϕ-modules

δ = D(λ) : D∗{−1} ∼−→ D such that δ∗{−1} = −δ

(under the canonical identification
(
D∗{−1}

)∗{−1} ' D). Indeed, a symmetric morphism
such as λ becomes antisymmetric when passing to p-divisible groups, since A∨(p) is the
Cartier dual of A(p). Thus Tate’s isomorphism restricts to

Qp ⊗Q Homs
k(A,A

∨) ' Homa
ϕ(D∗{−1}, D)
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where the superscripts “s” and “a” stand respectively for “symmetric” in Hom◦
k(A,A

∨)
and “antisymmetric”. As usual δ defines a nondegenerate alternating form in the category
of ϕ-modules b : D ×D → K0{−1}, with K0 = FracW (k) and b(ϕx, ϕy) = (#k)b(x, y),
and conversely b determines δ.

The Rosati involution extends by linearity to Qp ⊗Q End◦k(A) and yields an involu-
tion also denoted † on Endϕ(D), given by α† = δα∗{−1}δ−1. The sub-Qp-vector space
Endϕ(D)† of elements fixed by † is equipped with the p-adic topology.

Lemma 5.1. The image of Pol(A) in Endϕ(D)† is dense.

Proof. If x ∈ End◦k(A)† then x+pn Id ∈ Pol(A) for a sufficiently large integer n. Therefore
Pol(A) is dense in End◦k(A)† with respect to the p-adic topology. The lemma then follows
from Tate’s theorem Qp ⊗Q End◦k(A)† ' Endϕ(D)†. �

Let E be a finite dimensional semisimple Qp-algebra and † any involution on E fixing
Qp. The group E× acts on the Qp-vector space E† by γ 7→ αγα†, γ ∈ E†, α ∈ E×. The
proof of the following lemma is left to the reader.

Lemma 5.2. The orbit of an invertible element in E† under the above action of E× is
open in the p-adic topology.

5.2. Polarisable Galois pairs. Let K/Qp be a finite Galois extension with residue field
Fps and (A0,Γ, ν) a Galois pair for K/Qp. Recall from section 3.1 that a polarisation on
(A0,Γ, ν) is an Fp-polarisation on A0 such that Γ ⊆ Aut(A, λ). A Galois pair is polarisable
when there exists a polarisation on it.

Proposition 5.3. A tame Galois pair is polarisable.

Proof. Let (A0, 〈τ〉, ν) be a tame Galois pair for K/Qp. By proposition 3.9 we may assume
it to be cyclic, so End◦Fps (A) is central simple over F . Pick any Fp-polarisation λ0 on A0

with associated Rosati involution †. Define I+
0 to be the set of positive definite involutions

on End◦Fps (A) coinciding with † on F (thus having same kind), having same type as † (in
case it is of the first kind), and stabilising End◦Fp

(A0). We have a map{
Pol(A0) → I+

0

α 7→ Iα : x 7→ α−1x†α for all x ∈ End◦Fps (A)

The involution Iα is the Rosati involution associated to the Fp-polarisation λ0α. The map
α 7→ Iα is surjective by the Skolem-Noether theorem. Now set

Pol(A0, τ) =
def
{α ∈ Pol(A0) | τ ∈ Aut(A, λα)}.

We want to show that Pol(A0, τ) is not empty, since for α in this set λ0α is an appropriate
polarisation. Put

I+
0,τ =

def
{ involutions ‡ ∈ I+

0 | τ
‡τ = 1}.

Obviously the above map carries Pol(A0, τ) onto I+
0,τ , hence it is enough to show that I+

0,τ

is nonempty. Define a positive definite involution ′ on Q[f0, τ ] ⊆ End◦Fps (A) by setting

f ′0 = pf−1
0 and τ ′ = τ−1.
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Clearly † and ′ have the same restriction to F . We claim that by Theorem 4.14 of [BI]
the involution ′ can be extended to an involution on End◦Fps (A) belonging to I+

0,τ . Indeed,
since f ′0 = pf−1

0 any extension of ′ stabilises End◦Fp
(A0), and since it is positive definite it

can be extended to a positive definite one on End◦Fps (A). It remains to check that, in case
′ is of the first kind (and thus † as well), it can be extended to an involution of the same
type as †. So assume ′ to be of the first kind. Then s must be even and f = ±ps/2, so
F = Q, Q[f0, τ ] '

(
Q(ζr)/L, σp,±ps/2

)
with the notations of proposition 3.9, and

End◦Fps (A) = Mn(Dp,∞) for some integer n.

The involution † on Mn(Dp,∞) has symplectic type. On the other hand ′ is symplectic if
f = −ps/2 and orthogonal if f = ps/2. According to Theorem 4.14 of [BI] we need to check
in the latter case that the degree of the centraliser C of

(
Q(ζr)/L, σp, ps/2

)
in Mn(Dp,∞)

is even, for then ′ can be extended to a symplectic involution. Writting ϕ for the Euler
function, we have degLC = 2n/ϕ(r). Now L is totally real of degree ϕ(r)/s over Q and
ps/2 is positive, so

R⊗Q
(
Q(ζr)/L, σp, ps/2

)
'
(
R⊗L

(
Q(ζr)/L, σp, ps/2

))ϕ(r)/s
'Ms(R)ϕ(r)/s.

Therefore there is an embedding Ms(R)ϕ(r)/s ↪→ Mn(H) ' R ⊗Q Mn(Dp,∞), which by
lemma 2.2 implies that ϕ(r)

s s = ϕ(r) divides n. Thus degLC is even. �

5.3. Lifting polarisations. Let (A0, 〈τ〉, ν) be a tame Galois pair for K/Qp. Proposi-
tion 5.3 allows us to pick a polarisation µ0 on (A0, 〈τ〉, ν). Let † be the Rosati involution
attached to µ0. These data will be fixed throughout the rest of this section, as well as
the notations End◦Fp,τ (A0) = {x0 ∈ End◦Fp

(A0) | xτ = τx }, D0 = D(A0), D = D(A),
K0 = FracW (Fps), superscripts “s” and “a” for “symmetric” and “antisymmetric”.

The relation τ †τ = 1 implies that End◦Fp,τ (A0) and Endϕ,Gal(K/Qp)(D) are stable by †.
Put

Homs
Fp,τ (A0, A

∨
0 ) =

def
{ f ∈ Homs

Fp
(A0, A

∨
0 ) | fτ−1 = τ∨f }.

The isomorphism End◦Fp
(A0)†

∼−→ Homs
Fp

(A0, A
∨
0 ) given by x 7→ µ0x carries End◦Fp,τ (A0)†

into Homs
Fp,τ (A0, A

∨
0 ), again because τ †τ = 1. We have a commutative diagram

End◦Fp,τ (A0)† � �

can
//

o
��

Qp ⊗Q End◦Fp,τ (A0)†
∼ //

o
��

Endϕ,Gal(K/Qp)(D)†

o
��

Homs
Fp,τ (A0, A

∨
0 ) � �

can
// Qp ⊗Q Homs

Fp,τ (A0, A
∨
0 ) ∼ // Homa

ϕ,Gal(K/Qp)(D
∗{−1}, D)

where the right-hand side vertical isomorphism is given by α 7→ αη0 with η0 = D(µ0).
The following lemma has been pointed out by O. Bültel.

Lemma 5.4. Assume there is an antisymmetric isomorphism δ : D∗{−1} ∼−→ D of(
ϕ,Gal(K/Qp)

)
-modules. Then there exists an α ∈ Autϕ,Gal(K/Qp)(D) and a polarisa-

tion λ0 on (A0, 〈τ〉, ν) such that αδα∗ = D(λ).
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Proof. Write δ = γη0 with γ ∈ Autϕ,Gal(K/Qp)(D)†. Recall that Pol(A0, τ) is the set of
α ∈ Pol(A0) such that τ ∈ Aut(A,µ0α), so that the map β 7→ µ0β identifies Pol(A0, τ) with
the set of polarisations λ0 on (A0, 〈τ〉, ν) (up to a positive integer). Now since τ † = τ−1

we have
Pol(A0, τ) = Pol(A0) ∩ End◦Fp,τ (A0) ⊆ End◦Fp,τ (A0)†.

The same argument as in lemma 5.1 shows that the image of Pol(A0, τ) is dense in
Endϕ,Gal(K/Qp)(D)†. Also, the group Autϕ,Gal(K/Qp)(D) acts on Endϕ,Gal(K/Qp)(D)† by
ξ 7→ αξα†, ξ ∈ Endϕ,Gal(K/Qp)(D)†, α ∈ Autϕ,Gal(K/Qp)(D), and by lemma 5.2 the orbit of
γ is open. These two facts imply the existence of an α ∈ Autϕ,Gal(K/Qp)(D) such that

αγα† = D(β) for some β ∈ Pol(A0, τ).

Then λ0 = µ0β is the required polarisation as D(λ) = αγα†η0 = αδα∗. �

Let (D,Fil) be a filtered
(
ϕ,Gal(K/Qp)

)
-module of Hodge-Tate type (0, 1). A nonde-

generate skew form on (D,Fil) is one such form D × D → K0{−1} that is a morphism
of
(
ϕ,Gal(K/Qp)

)
-modules and for which Fil1DK is totally isotropic (after extending

the scalars to K). Equivalently it is given by an antisymmetric isomorphism of filtered(
ϕ,Gal(K/Qp)

)
-modules

δ : D∗{−1} ∼−→ D

since D∗{−1} has Hodge-Tate type (0, 1) with Fil1(D∗{−1})K = (Fil1DK)⊥. Now for
D = D(A), say that a polarisation λ0 on A0 lifts to (D,Fil) if it induces a (necessarily
antisymmetric) isomorphism of filtered

(
ϕ,Gal(K/Qp)

)
-modules D(λ) : D∗{−1} ∼−→ D.

Proposition 5.5. Let (A0, 〈τ〉, ν) be a tame Galois pair for K/Qp and D = D(A) the
associated

(
ϕ,Gal(K/Qp)

)
-module. Let Fil = (FiliDK)i∈Z be a Hodge-Tate (0, 1) filtration

on DK stable by Gal(K/Qp). Assume there is a nondegenerate skew form on (D,Fil).
Then there exists

(a) a filtration Fil′ on DK such that (D,Fil) ' (D,Fil′), and
(b) a polarisation λ0 on (A0, 〈τ〉, ν) lifting to (D,Fil′).

Proof. The given form induces an antisymmetric isomorphism of filtered
(
ϕ,Gal(K/Qp)

)
-

modules δ : D∗{−1} ∼−→ D. By lemma 5.4 there is a polarisation λ0 on (A0, 〈τ〉, ν) and an
α ∈ Autϕ,Gal(K/Qp)(D) such that D(λ) = αδα∗. Put

Fil′ = (αK FiliDK)i∈Z.

Obviously α induces an isomorphism (D,Fil) ∼−→ (D,Fil′) of filtered
(
ϕ,Gal(K/Qp)

)
-

modules. Furthermore we have

(αδα∗)K(αK Fil1DK)⊥ = αKδK(Fil1DK)⊥ ⊆ αK Fil1DK ,

so αδα∗ : D∗{−1} ∼−→ D is an isomorphism of
(
ϕ,Gal(K/Qp)

)
-modules preserving Fil′. �

Remark 5.6. We actually do not need the Hodge-Tate type to be (0, 1). However, the
existence of an antisymmetric isomorphism of filtered modules δ : D∗{−1} ∼−→ D forces
the Hodge-Tate type to be (−n, n+ 1) for some nonnegative integer n.
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5.4. The main theorem. Let K/Qp be a finite tame Galois extension with maximal
unramified subfield K0 and (D,Fil) a filtered

(
ϕ,Gal(K/Qp)

)
-module. As in section 4.3

write ϕ0 for the Qp-linear restriction of ϕ to the subspace of D consisting of elements fixed
by Gal(K0/Qp). Consider the following conditions on (D,Fil):

(1) ϕ0 acts semisimply and Pchar(ϕ0) is a p-Weil polynomial
(2) W(D) is defined over Q and is of Tate type
(3) There exists a nondegenerate skew form (D,Fil)× (D,Fil)→ K0{−1}
(4) It has Hodge-Tate type (0, 1).

When (D,Fil) ' D∗
cris,K(V ) condition (3) means there exists a G-equivariant symplectic

form V × V → Qp(1). Hence
∧2dV = Qp(d) where dimV = 2d, that is, the determinant

on V is the the d-th power of the p-adic cyclotomic character.

Theorem 5.7. Let p 6= 2. Let V be a p-adic representation of G that becomes crystalline
over a finite tame Galois extension K/Qp. The following are equivalent:

(i) There exists an abelian variety A0 over Qp such that V ' Vp(A0)
(ii) D∗

cris,K(V ) satisfies conditions (1), (2), (3), and (4).

Proof. Let (D,Fil) = D∗
cris,K

(
Vp(A0)

)
with A0/Qp an abelian variety having good reduc-

tion over K. Theorem 4.11 shows that the
(
ϕ,Gal(K/Qp)

)
-module D satisfies (1) and

(2). The existence of a polarisation on A0 implies that (D,Fil) satisfies (3), and it is
well-known that the filtration satisfies (4).

Now let (D,Fil) = D∗
cris,K(V ) be a filtered

(
ϕ,Gal(K/Qp)

)
-module satisfying (1), (2),

(3), and (4). We may assume K to be the Galois closure of a totally ramified tame
extension L/Qp of minimal degree over which V becomes crystalline. Let Fps be the
residue field of K and K0 = FracW (Fps). By theorem 4.11 conditions (1), (2), and (3)
imply the existence of a Galois pair (A0, 〈τ〉, ν) for K/Qp such that D(A) ' D. We may
assume D = D(A). By proposition 5.5 condition (3) implies the existence of a polarisation
λ0 on (A0, 〈τ〉, ν) lifting to (D,Fil), possibly after replacing the filtration by an isomorphic
one. If ψ0 : (A′

0, 〈τ ′〉, ν ′) → (A0, 〈τ〉, ν) is an isogeny then λ′0 = ψ∨0 λ0ψ0 is a polarisation
on (A′

0, 〈τ ′〉, ν ′) lifting to D(ψ)K(Fil). By Breuil’s theorem ([Br] Thm.5.3.2) condition (4)
and p 6= 2 imply the existence of a p-divisible group G over the ring of integers OL of L
such that V ' Vp(G) as GL-modules, and a by result of Raynaud [Ra] every GL-stable
lattice in V comes from a p-divisible group as well. Therefore, replacing (A0, 〈τ〉, ν) by
an isogenous Galois pair if necessary, we may assume that A0(p) lifts to such a p-divisible
group over OL. Let T be a G-stable lattice in V such that

T = Tp(G) with G ×OL
Fp ' A0(p).

The polarisation λ0 induces an antisymmetric isomorphism of G-modules ξ : V ∼−→ V ∗(1).
Multiplying λ0 by a suitable power of p we may assume that the restriction of ξ on T
yields an injection ξ : T ↪→ T ∗(1). By Tate’s full faithfulness theorem [Ta2] we have

Homp-div/OL

(
G,GD

)
' HomZp[GL]

(
T, T ∗(1)

)
where GD is the Cartier dual of G, so Tp

(
GD
)

= T ∗(1). It follows that the isogeny
λ0(p) : A0(p)→ A∨

0 (p) = A0(p)D induced by λ0 lifts to a quasipolarisation

Λ(p) : G → GD.
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By the Serre-Tate theory of liftings together with Grothendieck’s theorem on algebraisation
of formal schemes ([Gr1] 5.4.5) the data

(
A0, λ0,G,Λ(p)

)
defines an abelian scheme over

OL lifting A0. Its generic fibre base-changed to K is an abelian variety A/K with special
fibre A/Fps and T ' Tp(A) as GK-modules. The action of GK extends to an action of G
on Tp(A) such that GL acts naturally and GK0 induces an action of I(K/Qp) on D(A)
coming from 〈τ〉 ⊆ AutFps (A). Therefore, by theorem 1.2 together with the subsequent
comments, A is defined over Qp, say A = A0 ×Qp K, and V ' Vp(A0) as G-modules. �

Remark 5.8. The compatibility of λ with the descent datum implies in addition that the
OL-polarisation deduced from

(
λ0,Λ(p)

)
descends to a Qp-polarisation on A0.

Corollary 5.9. Let p 6= 2. A crystalline p-adic representation of G is isomorphic to
the Tate module of an abelian variety over Qp if and only if its associated filtered module
satisfies conditions (1), (3), and (4) of theorem 5.7.

Proof. By remark 4.7 a crystalline representation satisfying (1) is of Tate type. �

Corollary 5.10. Let d be a positive integer and assume p > 2d + 1. A 2d-dimensional
potentially crystalline p-adic representation of G is isomorphic to the Tate module of an
abelian variety over Qp if and only if its associated filtered module satisfies conditions
(1)—(4) of theorem 5.7.

Proof. According to [Se-Ta] §2 Cor.2(a) the action of inertia is tame when p > 2d+1. �

Remark 5.11. When V is 2-dimensional conditions (2) and (3) may be replaced respec-
tively by the weaker

(2′) W(D) is defined over Q
(3′)

∧2(D,Fil) = K0{−1}
the latter meaning

∧2V = Qp(1), see [Vo] Thm.5.1. An explicit list of the filtered (ϕ,G)-
modules arising from elliptic curves over Qp when p > 3 is given in [Vo] 2.2.

Remark 5.12. Let V` be an `-adic representation of G, ` 6= p, with good reduction
over the finite Galois extension K/Qp. It is determined by its associated contravariant
`-adic Weil representation ∆` = HomQ`[IK ](V`,Q`) ([Fo3]). Then V` is isomorphic to the
`-adic Tate module of an abelian variety over Qp if and only if there exists an admissible
filtered

(
ϕ,Gal(K/Qp)

)
-module (D,Fil) satisfying the conditions of theorem 5.7 such that

W(D) = ∆p and ∆` are compatible. This follows from the compatibility of the system(
V`(A0)

)
`
where ` runs over all primes. Obviously this criterion is not handy. However the

results in [No] give some hints in this direction, under the assumption that the ramification
degree of K is less than p− 1 (in particular it is tame and p 6= 2).

Finally we derive from corollary 4.12 the following equivalent formulation of theorem 5.7.
Recall that condition (2′) is as in remark 5.11.

Theorem 5.13. Let p 6= 2. Let V be a p-adic representation of G that becomes crystalline
over a finite tame Galois extension K/Qp. The following are equivalent:

(i) There exists an integer n such that nV ' Vp(A0) for some abelian variety A0/Qp

(ii) D∗
cris,K(V ) = (D,Fil) satisfies conditions (1), (2′), (3), and (4).

Moreover when (ii) holds the integers n as in (i) are the multiples of the invariant n(D)
of definition 4.6.
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