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Chapter 1

Introduction

Throughout this text we will only consider commutative characteristic 0
rings and fields.

Let R be a ring with multiplicative group of units (U(R),.,1) and let
E be a group morphism from (R, +,0) to (U(R),.,1). Then (R, E) is
called an exponential ring or K-ring. An F-field is an E-ring and a field.
Examples are (R,exp), (C,exp), where exp : . +— >/ f—,

Let D : R — R be an additive group morphism that also satisfy the
Leibniz rule (namely VaVyD(zy) = vDy + yDz)). Then D is called a
derivation on R, and (R, D) a differential ring. Elements of Cr := {x €
R : Dz = 0} are called constants and form a subring of R. A differential
field is a differential ring and a field.

A differential E-field is an E-field and a differential field, for which the

derivation D is also an E-derivation:
Ve D(E(x)) = E(z)Dz,

while a topological F-field is an E-field and a topological field for which
E is continuous. A differential topological E-field is simply a topological
E-field and a differential E-field, without any interaction between the
derivation and the topology.

Recall that a theory 7' is said to be model-complete if every embed-
ding of models of T is elementary [A.0.1] equivalently if all models of T’
are existentially closed in 7.

We consider first-order model-complete theories T' of topological E-fields
and Tp := T U {D isan E — derivation} of their differential expansions.
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We show that the subclass of existentially closed models of T satisty
a geometric scheme, in the spirit of [51], where D.Pierce and A.Pillay,
propose alternative geometric axioms to the previous axiomatization by
L.Blum [9] of DCFythe theory of differentially closed fields of charac-
teristic 0.

Later in [48], C.Michaux and C.Riviere adapt those geometric axioms
to the ordered case, in order to axiomatize CODF', the theory of closed
ordered differential fields, while in [64], M.Tressl shows there is a theory
of differential fields (in several commuting derivatives) of characteristic
0, which is a model-companion for every theory of large differential fields
extending a model-complete theory of pure fields. N.Guzy and F.Point
extend the geometric axioms to theories of topological fields—with pos-
sibly extra structure-that admit a model-completion, to axiomatize the
model-completion of their differential expansion ([23]). We adapt these
axioms further to a ”differential lifting” scheme (DL)g.

A.Wilkie has shown model-completeness of the theory T ex, of the or-
dered exponential field of real numbers (R, exp, <) [65]; while N.Mariaule
has shown model-completeness of the theory Tp, g, of the valuation ring
O, of the valued field of complex p-adic numbers C, with the p-adic ex-
ponential E, : x — exp(pz).

In [18], L.van den Dries, D.Marker and A.Macintyre construct R((¢))*Z,
a 'logarithmic-exponential’ field of generalised power series. As an or-
dered E-field, it is an elementary extension of (R,exp) ([19]); it also
contains the field of Laurent series R((t)). They endow R((¢))X¥ with an
E-derivation 0 that admits R as field of constants. As a differential field,
(R((t))*E, ) is naturally involved in asymptotic differential algebra (see
M.Aschenbrenner, L.van den Dries, J.van der Hoeven’s [1]). Obviously it
is not a model of CODF, as this would imply the density of R in R((¢))*E.

Let E-polynomials be terms of the language {+, —, ., F'}, and E-varieties
be zero sets of E-polynomials. These objects have already been well stud-
ied, in analytic contexts—see for example A.Wilkie [65], T.Servi [61], 60]—
as well as in algebraic contexts—see for example L.van den Dries [15],
G.Terzo [63].



The notion of E-algebraicity introduced by A.Macintyre in the 80s is
more complex than the notion of algebraicity: a point a in an E-field
(L, F) 2 (K, E) is E-algebraic over K if it is in a projection of a regular
variety defined over K by a squared system of E-polynomials. J.Kirby
[28] has shown that it defines a closure operator ecl to which one can
associate a good notion of dimension, by relying it to another operator
defined by formal F-derivations.

He also extends F-derivations on F-field extensions for which a Schanuel’s
conjecture is true, as this allows to avoid hidden exponential-algebraic
relations.

Schanuels’s conjecture for C states that if A,..., A\, € C are linearly in-
dependent over Q, then Q(\y,..., \,,eM, ... e*) has (algebraic) tran-
scendence degree at least n over Q. This conjecture is far from being
proven and would imply the algebraic independence of e and 7. The de-
cidability of Tk ¢, relies on this conjecture restricted to R and is actually
equivalent to a weaker form of it, see A.Wilkie and A.Macintyre’s proof
in [41].

In order to state the main results, let (K, E/, D) be a differential E-field,
n € N\{0}, X := Xy,---, X,, and 6LX¢ denote the usual partial derivative
with respect to the variable X;. Similarly to the algebraic case, we define
the torsor of an E-variety A C K" as the set:

“.OP

7(A) := {(a,v) € K> : 2 X, (@)v; + PP(a) = 0 forall P(X) € I(A)}

where I(A) is the ideal of E-polynomials that vanish on all points of A,
and PP(X) is an E-polynomial defined by induction on the number of
iterations of E in P (if P(X) € K[X], then PP(X) is the polynomial
obtained when applying D to the coefficients of P).

Let V be a base of neighborhoods of 0 on K, such that (K, FE,D,V)
is a differential topological E-field. Let A" be the set of regular zeros
of the variety A.

Given A C K?", B C K", we say that a point @ € A" that projects on
a point in B" virtually projects generically on B, if, roughly speaking,
one can find a point close to a in A" that projects on a generic point in



B9 in some extension of (K, E, V).
(DL)g expresses that a differential F-polynomial system has a zero close
to a regular zero of an associated F-polynomial system:

Definition 1.0.1 We say that (K, E, D,V) satisfies the scheme (DL)g
if:

forany U €V,

for any E-varieties A C K?*, B C K" defined over K as zero-sets of
finitely many E-polynomials, such that A" C 7(B), and that there is a
tuple (a,c) € K**NA"™, with a € B", that virtually projects generically
on B then

there is b € K™ such that (b, Db) € A™9 and
(a,¢) — (b, Db) € U™

If (K, E, D,V) satisfies the scheme (DL)g, then the subfield of constants
Cy is dense in K.

We show that if T" is model-complete and its models satisfy either a
hypothesis we call (I)g, which imply that the underlying fields are large,
or an implicit function theorem, and if the topology is definable, then:

Theorem 1.0.2 The models of Tp that are existentially closed satisfy
(DL)p.

Our results apply to differential expansions of models of Tk ey, and of
T’(gp7 Ep:

Corollary 1.0.3 The existentially closed models of Tp, where T' := T exp
or To, g,, satisfy (DL)g.

Finally we extend a result of Q.Brouette [10] to endow (R, exp, <), and
(R((t))*F, exp, <) with an E-derivation D that makes them models of
(DL)s.

To construct the tools used in the proof of Theorem [1.0.2] we heavily
rely on J.Kirby’s characterization of ecl by formal F-derivations:



1. Given (K, E,D) and (L, F) such that (K,F) C (L, E), we show
that the E-derivation D extends to (L, F).

2. We adapt algebraic results on torsors to the exponential setting.

3. Using also an adaptation of the notion of large fields (F.Pop [55]),
to our exponential context, and Hensel’s Lemma in Laurent series,
we construct, given (K, E), and V' a regular E-variety defined on
K, an elementary extension (L, F') of (K, E), and generic points of
Viin L.

Alternatively we construct generic points of V' assuming an im-
plicit function theorem instead of large fields and Hensel’s lemma
in Laurent series.

On our way, we also investigate some problems appearing naturally, al-
though the extra results are not involved in Theorem [I.0.2]s proof. We
show some Nullstellensétze for E-fields in Chapter 5, we construct an
E-field containing Laurent series over an unordered FE-field in 3.3.3, we
notice a few results on E-varieties defined over E-fields satisfying an im-
plicit function theorem in 6.3, we adapt some results on torsors from
D.Pierce and A.Pillay [51] to the exponential context in the second part
of 6.2, and show some saturation results in Appendix B.

This thesis is organised in several parts. Chapters 4, 5 and 6 are mainly
algebraic and do not really involve model theory.

In Chapter 3 we look at classes of topological E-fields in which we have
an implicit function theorem, in order to encompass models of Tg ¢y, and
of To, g,- We then state a Hensel’s Lemma for regular systems of F-
polynomials in Laurent series K ((f)). As the latter cannot be endowed
with the structure of an FE-field, starting from a topological unordered
E-field (K, E,V), we construct a topological unordered E-field of power
series (K ((t))¥, E,W) containing K((t)) adapting the construction of
L.van den Dries, D.Marker and A.Macintyre [I8] done in the ordered
case.

Chapter 4 is heavily based on [2§]. Starting from (K, F) C (L, F), and
D an E-derivation on K, we:



e use the characterization of ecl by formal E-derivations to link the
ecl-dimension over K of a tuple a C L™ to the linear dimension of
spaces of E-derivations,

e construct an elementary extension of K in which we have infinitely
small elements relatively to K, that are E-algebraic independent,
by constructing linearly independent E-derivations in some chosen
suitably saturated elementary extension,

e simply adapt a classical algebraic result to the exponential context
to show D extends on ecl?(K),

e adapt J.Kirby’s notion of strong extensions of partial F-field—in
which a Schanuel property is satisfied-to extend D from ecl’(K)
to L. A problem is that J.Kirby works with fields in which E is
partially defined on a subgroup of the additive group of K, and that
the latter has to be a Q-vector space. But we want to encompass
the cases of Q, and C,, in which E), is defined on the valuation
rings Z, and O,.

Chapter 6 is about E-varieties. We use the results of Chapter 4 to:

e construct generic points of regular E-varieties, using the 2d item
in the presentation of Chapter 4 above and then Hensel’s Lemma
in K((t)), and

e avoid the difficulty given by the non-noetherianity of R[X]¥ when
we

e cxtend results on algebraic torsors to E-torsors.

Then we consider E-varieties in topological E-fields (K, E) that satisfy
an implicit function theorem. In particular we also construct generic
points of regular E-varieties in an elementary extension of (K, F).

Chapter 7 is in three parts. We first state a hypothesis we call (I)g
that will imply, when T is model-complete, that the underlying field K
of a model of T is large, in other words existentially closed in K ((¥)).

Then we construct generic points of a regular E-variety defined on K in
an elementary extension of K containing K ((¢)), using the first item in
the description of Chapter 6 above, and (I)p. We show that N;-saturated



models of T ex, satisfy (I)g.

Finally we show that if (K, E, V) satisfies either (/) or an implicit func-
tion theorem then (K, E, D,V) can be embedded in a differential topo-
logical E-field satisfying a pre-scheme (DL)g, using results of Chapters
4 and 6. We conclude with the proof of Theorem Corollary
and endow (R, exp, <), and (R((¢))“¥, exp, <) with an E-derivation D
that makes them models of (DL)g.

Chapter 5 is independent of all other chapters except Chapter 2, Sec-
tion 2.1. We show some versions of Strong and Weak Nullstellensétze
for E-fields (K, E), as well as a version of a Real Nullstellensatz for or-
dered E-fields (K, E,<). A problem is that the E-ring (R[X]E, E) of
E-polynomials over a given E-ring (R, E) is not a Hilbert ring. Another
question is to contruct a maximal ideal M which is also an F-ideal, that
is which satisfies
PeM—EP) —-1eM

We need M to be maximal as an (algebraic non-E-) ideal. We use it-
erative constructions of F-ideals and augmentation ideals within group
rings of E-polynomials.

While we were finishing this thesis, A.Fornasiero and A.Kaplan [21]
posted on ArXiv an axiomatization of the existentially closed models
of a differential extension of a complete, model complete o-minimal the-
ory extending the theory RCF of real closed ordered fields (for example

T]R,exp) .






Chapter 2

Setting

We will assume that basic notions of first-order logic and model theory
are known, namely, given a language L£: L-terms, L-formula, £-sentence,
L-theory, L-structure, L£-definable set, £L-embedding, as well as ordinals,
cardinals and basic set theory notions.We refer the reader to [46, Sec-
tion 1, p.7-32 & Appendix A, p.315] for example. The following model
theoretic notions: elementary extensions, saturated models, existentially
closed models, model complete theories, are recalled in Appendix [A]

Recall that throughout this text we will only consider commutative char-
acteristic 0 rings and fields.

Let £rings - {+7 Ty 07 ]-}7 Efields - Em’ngs U {_1}-

Definition 2.0.1 Let £ O L,n45. A topological L-structure (M, 1) is a
first-order L-structure with a Hausdorff topology 7 such that every n-
ary function symbol of L is interpreted by a continuous function from
M™ to M, and every m-ary relation symbol of £ and its complement is
interpreted by the union of an open subset of M™ and a set of zeros of
L-terms (M™ and M™ are endowed with the product topology).

As M has the underlying structure of an additive group, a fundamental
system )V of neighborhoods of 0 determines the topology: for each x € M,
x +V is a fundamental system of neighborhoods of .

Fact 2.0.2 [0, [I1.4 & I11.49] Let R be a ring and a topological space. R
1s a topological ring if and only if the filter V of neighborhoods of 0 in R
satisfies all the following conditions:

9
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(TG1) For allU €V, there is V €V such that V +V C U.
(TG2) For allU € V, we have that —U € V.

(TM1) For all zp € R and V €V, there is W € V such that xoW C V
and Wxo C V.

(TM2) For allV €V, there is W € V such that WW C V.

Definition 2.0.3 Let £ O Lyjngs. A topological L-field (M,T) is a
L U {~'}-structure and a topological L-structure for which the inverse
function ~! is continuous on M* := M \ {0}.

For example a field K endowed with an absolute value |.| — R=? is a
topological L,;,4s-field with as basis of neighborhoods of 0 the sets

{a € K : |a] < b}
with b € R>0.

Definition 2.0.4 Let £ O L,;,4s. Let K be an L-structure expanding
a field. If there is a L-formula ¢(x,y) such that the set of subsets of the
form

o(K,a) ={re K : KE ¢(z,a)}

where @ C K, can be chosen as a basis V of neighborhoods of 0 in K in
such a way that (K,V) is a topological field, we will say that we have a
definable L-topology on K, and that (K, V) satisfies Hypothesis D.

Set LD Lyings U{EYU{R;,i € I}, where R;, i € I are relations symbols,
a first-order language, and Lp := LU {D}.

Our framework being characteristic 0 differential partial E-fields (where
the exponential can be only defined on a subring), endowed with a defin-
able topology for which E' is continuous, we first set our algebraic context
of differential partial E-fields before going back to specific differential
topological L-structures (which we do not call topological £p-structures
as we do not require continuity of the derivation).
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2.1 Exponential and differential rings and
fields

2.1.1 Partial F-fields

Recall that (R, F) is an E-ring if R is a ring endowed with a group mor-
phism FE from (R,+,0) to its multiplicative group of units (U(R), ., 1).

Definition 2.1.1 A partial E-field is a two-sorted structure
(K,R;+k, -k, +r, R, %, ER)

where (K, +xk, k) is a field, (R, +rg, .g, Er) is an E-ring;
i: (R, 4R, .r) = (K, +K, k)

is an injective homomorphism of rings; R is identified with its image
under ¢; and 4+ and +x are both written +; .z and .x are both written
., Er is written FE.

We will only consider partial E-fields where R is a subring of K; let us
denote them (K, R, E). Recall that (K, D) is a differential field if K is
a field endowed with a mapping D : K — K that is an additive group
morphism which satisfies Leibniz rule.

Definition 2.1.2 An E-derivation on a partial E-field (K, R, E) is a
derivation D on K such that for all x € R,

We call a partial E-field equipped with an E-derivation a differential
partial E-field.

Notice that there are several definitions of partial E-fields in the lit-
erature, ours is different than for example, the definition of partial E-
domains of J.Kirby in [28], as we assume, contrary to [2§], that the
domain of definition of F is a ring, but not especially a Q-vector space,
and that the image of E' is included in its domain.
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Definition 2.1.3 [28, Definition 2.2] A partial E-domain is a two-sorted
structure

<K7 R; +K, . TR, (Q'>QGQ7 «, ER>
where (K, +k,.) is a Q-algebra, (R, +r, (¢.)qeq) is a Q-vector space,

(67 <R, +R> — <K, +K>
is an injective homomorphism of additive groups and
ER : <R, +R> — <K,>

is a homomorphism. R is identified with its image under «, and +x and
+x are both written +.

2.1.2 Exponential and differential polynomials

Let (R, E) be an E-ring.

The structure R[X]¥ of E-polynomials in n indeterminates over the E-
ring (R, F) is constructed as a group ring over the ring of polynomials
R[X], while the exponential map is extended ’step by step’, allowing to
‘count’ its number of iterations. It has a natural F-ring structure. We
recall here the construction that the reader can find in [I5] for more

details.

o Let B o
R_l = R, RO = R[X], AO = XR[X]
Consequently
ROZR@AOZR—l@AO

E is extended as follows: F_; : R_; — Ry is defined as the compo-

sition of the inclusion i : R < R[X]| with the exponential E of the
E-ring R.

e Let £ > 0, and suppose that Rj_i, Ry, Ar and Ey_; have been
constructed and verify

Ry = Ryp—1 @ Ay

Let exp(Ay) be a multiplicative copy of the additive group Ay.
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Let Ryy1 be the group ring of the multiplicative group exp(Ay)
over the ring Ry:
Ryi1 := Rylexp(Ay)]

(its elements are thus linear combinations of exp(a) for a € Ay,
with coefficients in Ry = Ry_1 & Ag)

Furthermore let Ag,; be the Rj-submodule of Ry, freely gener-
ated by the exp(a), a € Ay \ {0}. Rii1 = Rp ® Ay as additive
groups.

Now, in order to define Ey, let r € Ry. Asr =p+a, with p € R;_;
and a € Ay, it is possible to define

Ek : Rk — Rk+1
r e By(r) = B (p) expla)

The underlying ring of R[X]¥ will be taken as |JRy. E is given by

E(x) = Ey(r) if v € Ry. Hence R[X]_E is an F-ring extension of R. As a
group ring over R[X], R[X]¥ = (R[X]) [exp(Ag ® A1 ®--- D A & ---)].

Note that the_free E-ring on the indeterminates X =Xy, -, X,,, cor-
responds to [ X = Z[X]F.

Fact 2.1.4 [I5, Proposition 1.6] If R is an integral domain of charac-

teristic 0, then R[X]F is an integral domain whose units are of the form
u.E(p), u a unit of R, p € R[X]F.

There is a notion ord of degree of an E-polynomial (see for example [15]
1.9)):

Definition 2.1.5 Let
k

P=Py+> PERXI"=Ry®A & @A -
=1

with Py € R[X], P, € A;, © > 0. Thereis k > 0, P € Ry \ Ry_1, let us
first define the height of P by

h(P) =k
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Then P of height k can be written uniquely as P = Py + Zle P;, hence
we let

ord : R[X]® — On
Pt i Pomr T wit(R) +1(R)

where
e t(P)=0if P=0
o t(P)=degx(P)+1if P e R[X]\ {0}
o t(P)=dif P=X0 ri.E(a;) € A, = Ry_1[exp(Ar_1\{0})], k>0
and On is the class of ordinals.
Fact 2.1.6 [15, Lemma 1.10] If Py = 0, there is Q € R[X]¥ s.t.
ord(E(Q).P) < ord(P)
Let % :r € R— 0, X +— 1; the usual partial differentiation.

Fact 2.1.7 [39, Th.16 p.199] If P € R[X]|®, there is Q € R[X]F s.t.
ord(Q) < ord(P) and

ot (PEDY

Now let (R, E, D) be an E-differential ring.

For 1 <i<n=:|X|, let X := X; and for j € N, let X" .= DX,

This formally endows the ring of polynomials R[X@, X® ...] with a
derivation. This differential ring is denoted R{X} and is called the ring
of differential polynomials in variables X := Xy, --- , X,,.

In [I5], L.van den Dries extends a given E-derivation of R to an E-
derivation on R[X]¥, with DX; = 1, 1 < i < n, uniquely such that the
constants are exactly R (see Lemma 3.2 and Proposition 3.4 in [I5]). The
derivation maps Ry onto itself, & > 1. Although we do not require that
DX; =1,1 <1 < n, we can extend the derivation D of R[X© X1 ...],
where D is an E-derivation, to an E-derivation on R[X® X1 .. &,
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For Vi,j € {1,---,|X]|}, let % :r € R — 0,X; — §;;; the usual
partial differentiation.
Recall that if P(X) € R[X], then DP(X) = PP(X) + ¥ 22(X)DX,

in R{X}, where P”(X) is the polynomial obtained when applying D to
the coefficients of P.

If P(X) € R[X]®, let us define PP(X) by induction on the number
of iterations of £ in P, given D : R — R an E-derivation: suppose if
P(X) € Ry, then PP(X) has been defined, and let P(X) € Rj11. Thus

P(X) +ZQ1] E(Q24(X))

with for all j =1,---,p, Qo, @1 in Ry, and Qy; in Ry \ {0}. Let

PP(X) +ZQ1] E(Qa (X +ZQ13 )Q2;(X)E(Q2,(X))

Lemma 2.1.8 Let (R, E) be an E-ring,
P(X) € RIX)P C RIXO XM ... )F

and D an E-derivation on R. Then D extends on R{X} and there is
exactly one E-derivation extending D on R[X©, XM ...1¥ such that
X 5p

DP(X)=PP(X
(X) =P +2 5%,

(X)DX;

Proof. By induction on the number of i’Eerations of Fin P. True it Pe
R[X]. Suppose if P(X) € Ry, then DP(X) = PP(X)+>_1, aX L (X).DX;,
and let P(X) € Ry.;. Thus

P( +ZQ13 QQJ( ))
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with for all j =1,--- ,p, Qo, Q1,; in Ry and Q2; in Ry, \ {0}. To be an
E-derivation, D must satisfy:

DP(X) = DQo(X) + ) [DQ1;(X)E(Q2,;(X)) + Qu1;(X)DQ2 ;(X) E(Q2,5(X))]

+3 |G Z(aac?;j(XHQu(X)af;?( )) E(Qs,(X))| .DX,
i=1 K — i i
l.e.
o\ D " oP |
DP(X) = P"(X) 2 aXi(X).DXl

Unicity of the derivation is obvious. m

Let us denote R{X}¥ the E-ring R[X©®, X1 ...1¥ endowed with such
a derivation.

2.1.3 FE-polynomial functions

Let (R, FE) be an E-ring. Recall ([15], (1.5)]) that a set I gives rise to the
E-ring R! of functions I — R where the operations are defined point-
wise. For I # () we identify the constant functions with their values
in R, so R C R'. If I = R™, then the coordinate functions are de-
noted by zi,--- ,x, where x;(r, -+ ,r,) = ;. The E-ring morphism
R[Xy, -, X,n]¥ — RE™ fixing R and sending each X; to z; will be in-
dicated by P — P. The P’s are called E-polynomial functions (in m
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variables), let us denote by R[xy, - ,,,]F these E-polynomial functions
R™ — R.

Fact 2.1.9 [15, Proposition 4.1] Suppose the E-ring R is an integral
domain of characteristic 0, that there is a non-zero r € R, and that
there are derivations dy,--- ,d,, on a ring extension of Rlxy, -+, z,]F
which are trivial on R and satisfy, for 1 < 1,5 < m and for all f €
Rlxy, - xp):

di(ffj) = 5ij and d;(E(f)) = r.di(f).E(f)

Then the map P — P, R[Xy, -, Xn]® — Rlz1, - ,xm]", is an iso-
morphism.

Fact 2.1.10 [I5, Proposition 4.4] Suppose R is an ordered E-field and its
exponential map E satisfies E(x) > 1+rz for a fived non-zero r € R and
all x € R. Then the map P — P, R[Xy, -, Xu]® = Rlz1,- -, 2m]7,
18 an isomorphism.

Fact 2.1.11 [I5, Lemma 2.3] Let Q(Y)) € R[Y|?. Then there is m > 0
and X = Xy,--+, X, such that Q(Y) = P(r,Y) for some P(X,Y) €
Z|X,Y]¥ and ¥ € R™.

Fact 2.1.12 [15], 1.8] Suppose we have m~+n indeterminates Xy, ..., X,
Xonats- -y Xman- There is a unique RU {Xq, ..., Xpint-fixing E-ring
1somorphism

RIX1, .., X 2 (RIX1, - X)) [Xonsts oy Xonan

2.1.4 FE-algebraicity
Let (K, R, E) be a partial E-field.

We would like to consider E-polynomials defined over K, supposedly
applying the associated exponential polynomial functions only to ele-
ments of R, following J.Kirby [2§].

We will either consider elements of K[X]®p(x) R[X]” the tensor product
of K[X] and R[X]¥ over R[X], or we may, using the facts of Subsection
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2.1.3| consider E-polynomials P(X,Y) of Z[X1,..., X, Y1,..., Y%, to-
gether with parameters by,--- , b, lying in R or K, in such a way that
the associated exponential polynomial function

X — P(X,b)
is well-defined. The former option is less general than the latter but it
allows to simplify notations.
Moreover, and still in order to avoid unnecessary heavy formalism, for

P(X,b) an E-polynomial of Z[ X Y]¥ with parameters b such that by, - - - , b,
€ Rand byy1,--- ,b, € K\ R, we write

P(X,b) € Z[b]*[X]¥ instead of

P(X,b) € Zbpi1, -+ ,ballbr, -, by)P[X]P

A Macintyre introduced as a definition of E-algebraicity the fact of be-
ing in a projection of a certain E-algebraic variety [39), Definition 5 & 6],
namely being a coordinate of a tuple solution of a Hovanskii system of
E-polynomials:

Definition 2.1.13 Let B € K. An element a € K is said to be E-
algebraic over B, or ecl-dependant over B in K if there exists n,m € N,
bl,"' ,bm S B,al,--- , A € Kandhl,...hn S Z[Xl,‘..,anyl,...,Ym]E,
where a = a; and with equations

hi(ai,...,ap,b1,...,by,)=0fori=1,...,n

and the inequation

O . Oh
0X1 0Xn
: . (a17...,an,bl,...7bm)7£0
Ohn .. Ohn
0X1 0Xn

If K =R,C or Z,, this corresponds to being a coordinate of a tuple of
an isolated zero of the squared system defined by the h;’s, 1 < i < n; the
latter, together with the inequation, is called a Hovanskii system.

We will either denote by Hy(X,b) this Hovanskii system, defined by
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H = (hy,--- ,hy), or we will abuse notation and denote by H both the
system and the tuple of E-polynomials.

With this notion, the closure ecl®(B) of any subset B C R, that is to say
the set of elements of R that are E-algebraic over B, is an E-subring of
R, while the closure ecl® (B) is an E-subfield of K; whereas, as noticed
by A.Macintyre, simply being a zero of an E-polynomial would not be
a good notion of exponential algebraicity: indeed the sum of two such
zeros is not necessarily a zero of another E-polynomial.

Elements of R that are not in ecl®(B) are said to be E-transcendental
or ecl-independant over B in R.

In case we simplify notation by considering systems of E-polynomials
in the tensor product, a € K would be said to be F-algebraic over B if

there exists n € N, aq,--- ,a, € K with a = a; and a Hovanskii system
HH(Xl, v ,Xn> defined by H = (hl, c. hn) - K[Xl, . 7Xn]®R[X1 77777 Xn]
R[X,...,X,]¥, such that ay,--- ,a, is a solution of Hy.

2.1.5 FE-ideals
Let (R, E) be an E-ring.

Definition 2.1.14 [ C R is an E-ideal iff I is an ideal of the ring R
such that:
rel -E(r)—1lel

If I C Ris an E-ideal we have a well-defined exponential on the quotient
R/I, given by:
E(r+1)=E(r)+1

where r € R. This allows to endow R/I with an E-ring structure.
If I C R is an ideal, let I C R be the E-ideal generated by 1.

Let Py,---,P, € R[X]F. Denote (P,---,P,) the ideal of the ring
R[X]F generated by P,---, P, and consider (P, --,P,)r C R[X]F.
The latter is not necessarily finitely generated as an ideal: actually, when
the ring R is Noetherian (all its ideals are finitely generated), then the
ring of polynomials R[X] is Noetherian too, hence every ideal is finitely
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generated. But this is not true anymore in R[X]¥. For a counterexam-
ple, see [63] p.17, or [39], 3.2 p.204.

Let (K, R, E) C (L, R, E) be an extension of partial F-fields.

We will say that I C K[X] ®px R[X]” is an E-ideal if I is an ideal

of K[X]®pgx) RIX]” such that for P € R[X]¥, Pe = E(P)—1¢l.
Lot P, , Py in K[X] @) RIXJ, and T o= (B, Py,

Let V(I) =V (P, -+, P,) C L™ be the set of common zeros of elements
of I.

IfW C L™ let I(W) C K[X]®gx) RIX]F be the ideal of E-polynomials
that vanish on all of W, it is an E-ideal as an annulator.

Let us denote IVI := I(V(I)).

Like in the algebraic case, V/(I) = V(IVI) (to see that V(IVI) C V(I),
notice that I C IVI and to see that V(I) C V(IVI), notice that if
a€V(l)and P € IVI, then P(a) =0).

Remark 2.1.15 If I C R[X]|E, then V(I) = V(Ig) = V(IVI).

Proof. Indeed if a € V(Ig), then a € V(I). Then we have that IV is
an E-ideal containing Ix and that V(I) = V(IVI) C V(Ig) as Ig is the
intersection of all E-ideals of R[X]¥ containing /. =

The set V(1) is called an E-variety.

Considering a finitely generated ideal I and a variety with presentation
V(I), the above equalities V(I)=V(g) =V({IVI), allow us to
work like in a Noetherian context.

Note also that we do not have a ’classic’ Nullstellensatz as the ring R[X]¥
is not a Hilbert ring (its prime ideals are not especially intersections of
maximal ideals [53]-see also Chapter [5}-).
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2.1.5.1 Prime F-ideals and irreducible F-varieties

Definition 2.1.16 [63] Let (R, £) be an E-ring. An E-ideal ] C R is a
prime ideal if the quotient R/I is a domain.

Definition 2.1.17 The E-variety V is called irreducible if it cannot be
expressed as a proper union of two F-varieties, that is V # AU B, with
ACVand BCV.

Let V := V(Py,---,P,) be an E-variety and J := I(V). Recall that
in the algebraic case, I(V') is prime iff V' is irreducible. The proof of
the result stated in the following remark follows from its (purely) alge-
braic analogue in [37], p.25; the F-algebraic proof remains essentially the
same—we include it here for completeness—:

Remark 2.1.18 V' s irreducible if and only if its associated E-ideal
J = 1(V) is prime.

Proof. If J is not prime, we can find two E-polynomials P, () such that
P¢&J, Q¢ Jbut PQ € J. Let G be the E-ideal generated by J and
P, and let H be the E-ideal generated by J and Q). Then let U := V(G)
and let W := V(H). Therefore U C V and W C V. Furthermore,
UUW =V. Indeed, U UW C V trivially. Conversely, let a € V. Then
PQ(a) = 0 implies P(a) = 0 or Q(a) = 0. Hence a € U or a € W,
proving V. =U UW.

Now suppose V. =U U W with U # V and W # V; and let G = I(U)
and H = [(W). There exist Pe G, P¢ Jand Q € H, Q ¢ J. But PQ

vanishes on U U W and hence lies in J, which is a contradiction. m

2.1.5.2 F-ideals closed by differentiation

We now recall results from A.Macintyre on E-ideals closed under partial
differentiation. Let (R, E) be an E-ring. By (E-)domain, we mean a
non-zero (E-)ring in which ab = 0 implies a = 0 or b = 0.

Fact 2.1.19 [39, Theorem 15 p.199.] Let i € {1,---,n}. If R is a
characteristic 0 E-domain and I C R[X]¥ is an E-ideal which is closed
under partial differentiation Vj € {1,--- ,n}, aixi r € R 0,X; — d;;
then either I =0 or I contains a non-zero element of R[X \ {X;}]F.
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The proof uses Fact in order to obtain chains of elements (of the
ideal I) ordered by the notion of degree on exponential polynomials tak-
ing ordinal values of Definition 2.1.5] By well-ordering, for each variable
X;, one obtains an element of minimal degree which is actually an al-
gebraic polynomial. Then by successive use of the usual derivation one
obtains an element of I that does not depend on Xj.

Fact 2.1.20 [39, Corollary p.199.] If R is a characteristic 0 E-ring
which is a field, and I is an E-ideal of R[X]¥ closed under all 8%(2- then

either [ =0 or I = R[X]E.

Let (K, R, E) be a partial E-field. Fact [2.1.20| actually shows that ecl’-
independent elements over K do not satisfy any hidden exponential-
algebraic relation over K:

Corollary 2.1.21 Let a := ay,--- ,a, C L be such that ay,--- ,a, are
eclL—z'nd_e}zendent over K. Then there is nom € N, by,--- by, € K and
P e Z[XY]¥ \ {0} such that P(ab) = 0.

Proof. Let m € N, by,--- ,b,, € K and P € Z[XY]¥ such that P(ab) =
0

Then for ¢ = 1,--- ,n, %(ELB) = 0 otherwise by definition a; would
belong to ecl’(K(ay, - ,a;1,a;41, - ,a,)), as we would have a 1 x
1 Hovanskii system over K(ay,- -+ ,a;_1,a;41, -+ ,a,) admitting a; as a

zero. Hence the ideal of E-polynomials vanishing on a in Z[b]"[X]F =

Z[XDb)E is an E-ideal (as an annulator) closed by all partial derivations,
so by Fact [2.1.20] either it is 0 or it contains a non-zero element of K
vanishing on a which is impossible, hence P =0. =

Lemma 2.1.22 Let m € N, by,---,b,, € K and 0 # P € Z[XV]E.
Suppose ) # V(P) C KX Then for all uple a € V(P) there exist
Q € Z|XbF and 1 < i < |a| such that Q(a) =0 and g—%(&) # 0.

Proof. Let a € V(P), and consider also all the partial derivatives of P,

g)i_ for 1 <7 < n. Then there exists a multi-index & := («, - - , a;,) and

ip € {1,--- ,n} such that, if we put

8a1+"'+anP
0P =
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then 0*P(a) = 0 and %‘Z‘;f(d) # 0. Hence one can let Q) := 0*P.

Suppose not: if P and all its derivatives of type 0“P vanish at a, let

I be the ideal generated in Z[b)¥[X]¥ by P and all its derivatives. By
Fact [2.1.20) we obtain a contradiction as P £ 0. =

Remark 2.1.23 Let a := ay, -+ ,a, C L, and consider the (E-)ideal
I(a) of elements of K[X] ®px RIX]®. If I(a) # 0, one can consider
the set of finite sets (these finite sets are of cardinality less or equal to
la| = n) of E-polynomials in I(V(I(a))) that have linearly independent
gradients—this is possible by Lemma[2.1.29. This set is partially ordered
by inclusion and admits a mazimal element {Gy,--- ,Gp}.

2.2 Topological L-structures

2.2.1 Topological extensions

Definition 2.2.1 Let £ O L,4s, and let L = (L, T) and K = (K, V)
be topological L-fields, where 7 and V are fundamental systems of neigh-
borhoods of 0 of L and K respectively, and such that L O K. Then L is
called a topological L-extension of K if

1. K is an L-substructure of L and

2. forall V €V, thereexists W e T, WNK =V.

Definition 2.2.2 [23] p.573] Let £ D L,ings, and let (K, V) and (L, W)
be two topological L-fields such that K C L. Let T C W. We say that
T satisfies Comp(K) if it satisfies the following conditions:
1.VWeV,aWweT,WnNK =V (hence T is nonempty)
2.VWeT,WNKeV
3. Vag, a1 € K, VYV, V4 € VYW, Wy € T with W;NK =V, for: =0,1

(ao—i“/o)ﬂ(al—i“/l):®:>(a0+W0)ﬂ(CL1+W1):®
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4. for any n-ary function symbol f € £ and any ai,---,a, € K,
Vo, -+, V, €V such that

f(a1+‘/1a"' 7an+vn)gf(a17“' ;a’n)+%

and any Wy,--- W, € T with W,NK =V, fori=20,---,n, we
have
f(a/l—i_Wl?"' 7an+Wn>gf(a/17”' 7an)+WO

5. Va e KX, YVo, VL € V, YWy, Wy € W with W;NK =V, fori =0,1;
if0¢ (a+Vy) and (a+ Vi)™t Cat + 1, then

(a+W) P Ca 4+ W,

Definition 2.2.3 [23| p.573] Let £ D Lyings, and let (K,V) C (L, W)
be two topological L-fields. Let W(K) C W satisfying Comp(K) and

a,b € L. Then a ~ywrk) b (a and b are infinitely close with respect to
WI(K)) iff for every W e W(K), a—be W.

Fact 2.2.4 [23, Lemma 2.11] Let £ D Lyings, and let (K,V) C (L, W)
be two topological L-fields. Let W(K) C W satisfying Comp(K). Then

~w(K) 15 an equivalence relation.

Fact 2.2.5 [23, Lemma 2.14] Let £ D L,ings, and let (Ko, Vo) € (K1, V)
and (K1,V1) C (K3, Vs) be two topological L-fields extensions. Assume
that Vi (Ky) (resp. Vo(K71)) satisfies Comp(Ky) (resp. Comp(Ky)). Let

Va(Ko) :={V € Vo(K1) : VN Ky € Vy(Kp)}

Then ]A};(Ko) satisfies Comp(Ky) and moreover for a, b € Ky, a ~vy,(k,) b
implies a s (Ko) b.

Fact 2.2.6 [23, p.573] Let L DO Lyings, and let (K,V) and (L,V) be
topological L-fields both endowed with a topology definable by the same
L-formula ¢, and suppose that (K,V) C (L, W) is an elementary L-
extension (Definition [A.0.1). Let W(K) := {¢(L.a) : a C K}. Then
W(K) satisfies Comp(K).
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Remark 2.2.7 Let L O L,;ngs, and let M be a L-structure such that
K= |M| > R and M is endowed with a definable base V of neighbor-
hoods of 0. Fact allow us to construct a topological k™ -saturated
elementary L-extension M* of M. By Fact[2.2.6, let V*(M) C V* a sub-
set satisfying Comp(M). By k™ -saturation of M*, there are elements of
M* that “are in all neighborhoods of zero for the topology of M’, namely
elements x € M such that x ~y-p 0.

2.2.2 Topological L-partial-FE-fields

We want to encompass the notions of L-structures and partial F-field
endowed with a topology for which E is continuous.

Definition 2.2.8 Let £ D L,;,,,s U{E}. A topological L-partial-E-field
(K, R, E,V) is a partial E-field (K, R, E) such that (R, 7) is a topological
L-structure, where 7 is the induced topology on R from V and (K, V) is
a topological L,gs-field.

Lemma 2.2.9 Let L D L,i,sU{E}, and let (K, R, E,V) C (L,R,E, V)
be a topological L-extension. Let W(K) C W satisfying Comp(K). Let
P,Q € K[X]| ®gx) RIX|?, |X| =n, 8,7 € K and & C K" such that
P(a) = and Q(a) = v.

If to,--- ,t, € L are such that t; ~yw) 0 fori=1,--- ,n then
1. P(a+1t) ~w) B
2. If B#0, then P(a+1t) # 0 and

Q(a+1).P(a+1)~" ~wu) 767"

Proof.

1. By induction on the number of iterations of £ in P.

e Suppose P(X) € K[X] ®gx) R[X]. Then P is a polynomial
(namely purely algebraic) hence the result is true by Lemma
2.13 of [23], page 575.
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e Suppose if P(X) € K[X] ®pg) Ri, then item [I] is true, and
let P(X) - K[X] ®R[X] Rk:—H- Thus

ZQ )(Qui(X) + Qui(X)E(Q2:i(X))))

with Qo,, Q1 and Qq; in Ry, and Q;(X) € K[X]. Suppose
Qoi(a) = Poi, Qui(a) = Br; and Q2,(a) = Ba;. By induction
hypothesis, Qo(a +1t) ~wx) Boi, Qui(@+1) ~wx) Bri and
Q2,i(a+t) ~w(k) P2, By continuity of +, . and E with respect
to W(K') we get the result.

2. By continuity with respect to Comp(K).

2.2.3 Ordered abelian groups

Recall that an ordered abelian group is an abelian group (G, +) equipped
with an ordering < which is compatible with the addition, that is, it
satisfies

r<y—r+z<y+z

There are several ways of showing that a torsion free abelian group can
be ordered, we include here the proofs from [50] for completeness:

Fact 2.2.10 [50, Lemma 26.5, p.113] A group G is an orderable group if
and only if G has a subset S such that:

1. x,y € S implies that xy € S.
2. 2718z =S forallz € G.

3.1¢ S andifv € G, v # 1, then either x or x~! belongs to S.

Proof. Let (G, <) be an ordered group. Then theset S={r € G:1<
x} satisfies (1),(2) and (3).

Conversely, suppose that we are given S. We set © < y if and only if
x7'y € S. Then condition (1) implies that < is transitive: if z < y
and y < z, that is 7'y € S and y~'z € S then 27!z € S. Condition
(2) implies that < is compatible with group multiplication: if 27y € S
and 2z € G, then z27'z7lyz € S hence vz < yz. Condition (3) implies
antisymmetry and then that < is a strict linear ordering. m
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Fact 2.2.11 [50, Lemma 26.6, p.113] Any torsion free abelian group can
be ordered.

Proof. [50] Let G be a torsion free abelian group and let S be the family
of all subsets S of G which satisfy the condition x,y € S implies zy € S
and also 1 ¢ S. It follows easily by Zorn’s Lemma that S contains a

maximal member S. This set S satisfies , and of Fact [2.2.10}
indeed is given and is satisfied because G is abelian. In order to

show , let x € G, x # 1 and suppose by way of contradiction that
neither z nor 7! belongs to S. If

T=SU{sz":seSn>1}U{z":n>1}

then clearly T" 2 S and T is closed under multiplication. By the max-
imality of S in & we have T' ¢ S so 1 € T. Now G is torsion free so
1 ¢ {2" : n > 1} and therefore for some s € S and n > 1, we have
1 =sz" sox™™ € S. Replacing x by 2! in this argument we conclude
that ™ € S for some m > 1. Since S is closed under multiplication this
yields
I=(@E™)"(z™)mes
a contradiction. Thus follows and Fact yields the result. m

Fact 2.2.12 [49, Neumann’s Lemma, p.206] Let G be an ordered abelian
group (written multiplicatively), and let A, B be subsets of G.

o [f A, B are reverse well-ordered, so is AB; and for each g € AB,
there are only finitely many pairs (a,b) € A X B such that ab = g.

o IfAC G :={g e G : g < 1} is reverse well-ordered, so is
U, A", and for each g € U, A", there are only finitely many tuples
(n,ay, -+ ,a,) with ay,--+ ,a, € A such that ay ---a, = g.

2.2.4 Valued fields

Definition 2.2.13 Let K be a field and G be an ordered abelian group,
and extend the ordering and group law of G to GU{0} by setting: Vg € G

e 0<y
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A map from K to G U {0}, which satisfies: Va,b € K
1. ja| =0iffa=0
2. |a.b| = |al|b]
3. la+ b < max{|al, |b|}

is called an wultrametric absolute value, or sometimes an exponential val-
uation, on K; and (K, |.]) is called a valued field.

The set Ok :={a € K : |a| <1} is then a wvaluation ring, that is is an
integral domain such that for every element x of its field of fractions, at
least one of x or 27! belongs to it. We denote m(O) :={a € K : |a| <
1} its mazimal ideal. For completeness we recall the notion of valuation
and its link with ultrametric absolute values:

Definition 2.2.14 Let K be a field and " be an additive ordered abelian
group, and extend the ordering and group law of I' to 'U{occ} by setting:
Vyel

o v < o0
e X0+ Yy=7+00=00
A map v: K — I"U{oo}, such that v satisfies: Va,b € K
1. v(a) =0 iff a=0
2. v(a.b) =v(a) +v(b)
3. v(a+b) > min{v(a),v(b)}
is called a valuation on K, and (K, v) is called a valued field.

The set Ok := {a € K : wv(a) > 0} is then a valuation ring with as
maximal ideal the set m(Ok) :={a € K : v(a) > 0}.

To such a valuation v it is possible to associate an exponential valua-
tion, taking its values in 2" U {0}, 2 being a multiplicative copy of T,
by setting for a € K, |a|, := 7. Thus for a,b € K, |a|, < |b], iff
v(b) < wv(a).
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The residue field k of a valued field (K, v) is the quotient of its valu-
ation ring by its maximal ideal

k= OK/I'II(OK)

The map res : Ox — Ox/m(Ok), x — =+ m(O) is called the residue
map.

Definition 2.2.15 A valued field (K,v) is Henselian if for P(X) €
Ok[X] such that res(P)(X) has a simple root in a € k, then P(X)
ha a root a’ € Ok such that res(a’) = a.

Definition 2.2.16 The valued field (K, |.|) is called spherically complete
if every (not necessarily countable) collection of nonempty balls that is
totally ordered by inclusion has a nonempty intersection.

2.2.5 Completeness and spherical completeness

Let (X, 7) be a topological space. Recall that (X, 7) is called regular if
it is Haussdorff and whenever A is closed in X and = ¢ A, then there are
disjoint open sets U, and V4 such that x € U, and A C V ([0, Definition
2 and Proposition 11, 1.56, 4]).

Fact 2.2.17 [7, Nagata-Smirnov’s Theorem, IX, p.109, ex.32] A regular
space (X, 7) is metrizable iff there is a sequence (B,,),en of locally finite

families of open sets of X such that U,B, is a basis for the topology of
X.

Let I be a nonempty set, and let P(I) denote the set of all subsets of I.
Recall that a filter D over [ is defined to be a set D C P(I) such that :

e /cD
e If XY eD, then XNY €D
e lf XeDand X CZC I, then Z € D.

In metrizable spaces, points admit countable basis of neighborhoods
hence countable sequences can be used instead of filters (for more de-
tails see for example [7, IX, 6, p.17]):
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Definition 2.2.18 A metrizable space (X, 1) is complete if (countable)
Cauchy sequences in X are convergent in X.

If an ultrametric valued field (K, |.|) is—not especially metrizable but—
spherically complete, we have the following characterization using pseudo-
Cauchy sequences:

Definition 2.2.19 [26], p.303] Let (K, |.|) be an ultrametric valued field,
and let (kq)a<x be a sequence of elements of K indexed by ordinals o < A,
where A is a limit ordinal. Tt is said to pseudoconverge to k, if |k — k| is
eventually strictly decreasing, that is, for some index oy we have

|k — ko| < |k — ko| whenever o > a > ag

We also say in that case that k is a pseudolimit of (kq)a<n-

It is called a pseudo-Cauchy sequence if, for a < f < v < A,
|ky — k| <[k — kal

A pseudo-Cauchy sequence may admit several distinct pseudolimits.

Fact 2.2.20 [1, Corollary 3.2.9 p.109] The ultrametric valued field (K, |.|)
is spherically complete iff every pseudo-Cauchy sequence in (K, |.|) has a
pseudolimit in K.

2.3 Examples of (spherically) complete val-
ued partial F-fields

2.3.1 Q, and C,
Recall that the p-adic valuation is defined by:

/e — 4
v, z=p"k +— n wheregced(p, k) =1
0 00

This valuation can be extended to Q by setting v,($) = vp(a) — vy(b),
and this defines a p-adic (exponential) absolute value |.|, on Q:

|x|p — pivp(ﬁ)
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The field of p-adic numbers @, is the completion of Q with respect to
the distance induced by this absolute value. The valuation v, (as well
as the absolute value |.|,) extends uniquely to Q,, the valuation ring of
which is denoted Z,. The latter has maximal ideal pZ,,.

There is a partial exponential map defined on the valuation ring Z,:

Ly — Qp
E,: = — exp(pr) ifp#2
r — exp(p’xr) otherwise
Where exp : z > Y o0 25
Let leg be the algebraic closure of @, and C, the completion of leg
with respect to the unique extension of |.|, to Q9. Let O, be the val-
uation ring of C, and M, its maximal ideal. F), extends canonically to

the valuation ring of leg and then to O,. Note that although being
complete, C, is not spherically complete.

2.3.2 Hahn series

Let K be a field and GG an ordered group. The set of formal power series
K((G)) is defined to be the set of elements of the form s = }_ . ¢y9,
where ¢, € K and

Supps:={ge G : ¢, #0}

is reverse well ordered in GG, that is the order is total and every nonempty
subset of Supp s has a greatest element. We will see that it is a field by
some results of B.H.Neumann [49] about well ordered sets, an ordered
field (see [18]) if K is itself an ordered field, and a topological partial
E-field if K is. This section is mainly based on [18].

We follow notations of [I8] and denote by Lm(s) the maximum gy of
Supp s, in other words its Leading monomial, and by Lc(s) its corre-
sponding Leading coefficient c,,. One can define an addition componen-
twise on K ((G)) by

a+b::Zagg+Zbgg:Z(a9+bQ)g

geG geG geG
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and a multiplication by distributing:

ab = Z cpk wherec, = Z agby,

keG gh=k

With these operations K ((G)) is actually a field thanks to Fact [2.2.12

Neumann’s Lemma—:

Fact 2.3.1 [49, Part 1, section 4] With the operations + and . defined
above, if K is a ring, then K((G)) is a ring, and if K is a field, then
K((@)) is a field.

Proof. Indeed, if a € K((G)), —a € K((G)); and if a,b € K((G)),
then, as the union of two reverse well-ordered sets is reverse well-ordered
in G, a + b is well-defined and by the first item of Neumann’s Lemma
2.2.12] ab is well-defined (in particular each ¢ is a finite sum). If € €
K((G)) and Lm(e) < 1, each €, for i € N, is well defined and has well
ordered support. Then by the second item, | J, Supp{e*} has reverse well
ordered support hence the infinite sum 1 + € + €2 + - -+ is well defined
and furthermore is an inverse for 1 — e. Therefore if a € K((G)), a
can be written a = Lc(a)Lm(a)(1 + €), where Lm(—e) < 1. Hence
a = (1+¢)'Lm(a)'Le(a)™'. See [49] for a detailed proof. m
Remark 2.3.2 The proof also shows that for an element € of K((G))
with Lm(€) < 1, then the infinite sum

€2 e"

1+6+§+~~+m+~--::exp(e)

is well-defined and belongs to K((G)). In other words it is possible to
define an exponential for infinitely small elements.

Remark 2.3.3 Note that K is a subfield of K((G)) and that G is a
multiplicative subgroup of K((G))*.

(The former is seen by identifying an element k € K with k.1, and the
latter by identifying g € G with 1.g.)
There is a natural exponential valuation on K((G)): if s € K((G)),

we have let Lm(s) := max Supp s. Then

l.|: K((G))* = G, s+ Lm(s)
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satisfies |s1 so| = |s1] |s2] and |s1 + s2| < max{|si1], |s2|}. By letting |0 :=
0€ GU{0}, and g > 0 for all g € G, |.| is an exponential absolute value
(non-archimedean, ultrametric); the valued field (K ((G)),|.| = Lm(.))
has value group G and residue field K.

Then K((G=1)) :={s € K((Q)) : |s| <1} is a valuation ring of K((G))
with maximal ideal K ((G<!)); and

K(G7Y) :={s € K((Q)) : Supps > 1}

is an additive subgroup of K((G)) as well as K, K((G<!)) and K ((G=1)),
as Supp0 = ) C G”'. Then K((G)) can be written as a direct sum of
K-linear subspaces:

K((G) =K(G™) e K e K(G™)

Fact 2.3.4 [1, Corollary 2.3.2 p. 76] (K((G)), Lm(.)) is spherically com-
plete.

Recall that an abelian group G is divisible if for all n in N\ {0}, G = nG.

Fact 2.3.5 [42, Theorem 1] If K is algebraically closed and G is divisible,
then K ((G)) is algebraically closed.

Fact 2.3.6 |2, 6.23, (2) p.218] If K is real closed and G is divisible then
K((G)) is itself real closed.

If V is a base of neighborhoods of 0 in K endowing the latter with a
topological L-field structure, N.Guzy & F.Point [23] extend the topology
of K to K((G)), in a way compatible to the natural valuation, in order
to make K((G)) a topological L,,gs-extension of K: set

Wyo:={se€ K((G)) : |s| <1landif|s| = Lm(s) =1, then Lc¢(s) € V'}
Wy :={s € K(G)) : |s| < g}
% = {vao Ve V}
T :=Twu{W, : geG}



34

Then T is a base of neighborhoods of 0 in K((G)) and by construction
if V is not the discrete topology, then 7y, satisfies Property Comp(K)
defined in 2.2.21

Suppose now that K is equipped with an exponential F, continuous
for the topology generated by V. By Remark [2.3.2, we can define an
exponential on K((G=!)) = K & K((G<')):

2 { Ko K(G) - K(G¥))
' r+e = E(r).Y 00 ¢

n=0 n!

Lemma 2.3.7 The projections Il : K((G)) = K, Uk c<) : K((G)) —
K((GY), k1) : K((G)) = K((G™1)) are continuous, and if more-
over E is continuous on K then the exponential E' : K((G=')) —
K((G=Y)) is continuous for the topology induced by T on K((G=')).

Proof. Let s=c¢+k+a € K(G)) = K(G))® K& K(G™1)), in
other words € = I (g=<1y)(s), k = Uk (s) and a = Ik e>1))(s).

e Let O be open in K((G<')) equipped with the induced topology
and such that € € O. Then there is U C K((G)) open such that
O=UNnK({(G)). Ase+a+k € U+ a+ k which is open in
K((G)),

Mooy = U  U+a+k
keK,aeK((G>1))
is open in K((G)), so the projection is continuous. The same ar-
gument works to show the continuity of Il and of Ilx(g>1y).

e Let U be a neighborhood of 0 in K((G)). Then (1+U)NK((G=1))
is a neighborhood of 1 in K((G=')), and

Vi=exp ' (1+U)Nexp (K(G)))=U

because Lm(exp(e) — 1) = Lm(e), hence V is a neighborhood of 0
in K((G=')) (and in K((G))).

e Finally E'(k+¢) := E(k) exp(e) = (Eollg).(exp oll g ((g<1)))(k+€)
is continuous on K ((G=!)) as the composition of the multiplication
restricted to K ((G=')), the projections, E and exp.
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Then let @ € K, and U,V € V such that E(a + V) C E(a) + U in
K. In K((G=Y)):

E(G—FWV,()) = (EOHK)(Q—{—WV,O) = E(Q—FV) Q E(a)+U g E(a)+WU70
Hence 7Ty, satisfies Item 4. of Definition for F.

Corollary 2.3.8 This turns (K((G)), K((G=')), E',T) into a topologi-
cal L-partial-E-field which is a topological L-extension of the topological
L-partial-E-field (K, K, E,V), for L = Lyings U {E}. Furthermore, Ty
satisfies Comp(K).

Let G be an ordered abelian group. The field of Hahn series R((G)) can
be ordered by, for s =) ¢,g:

s>0 iff s#0 and Le(s) >0

2.3.3 Transseries

We briefly recall the construction of the field of transseries-logarithmic
exponential power series— T := R((¢))X¥ made in [I8] by L.van den Dries,
A.Macintyre and D.Marker. It is a topological E-field. We refer the
reader to [I8] for a detailed construction.

Let K1 =R, E_; := exp : R = R>°, the usual exponential on the
reals, and let (2%,.) be a multiplicative copy of the ordered additive
group (R, +). Denote Gy := 2%, and let Ky := K_1((Gy)).

Set Ag := {s € Ky : Supps > 1} and By := {s € Ky : Supps < 1}.
Then Ky = Ag® K_1 ® By. We have a partially defined exponential on
K()Z

e K 18e By — Ky
0 E+b = exp(k)d, cn %

Given K,, Gy, A,, Bn, En_1, and an ordered multiplicative copy z?" of
the additive ordered group A,

(with order-preserving isomorphism Ey; : A, — x4, a +— 2%),

let Gy = G X2, Kyt 1= Ko((2™)) = K((Gns1)), Ans1 = {s €
K1 Supps > 1}, and Byq := {s € K,41 : Supps < 1}.
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Then K, 11 = A1 ® K, ® B,y1, and

Jo Kn = An S¥ Kn—l S¥ Bn — Kn+1
" a+k+Db = Ey(a)E,_1(k) ZneN%

For n € N, the order on K,, = R((G},)) is defined for f € K, \ {0} by
f >k, 0iff Le(f) > 0 in (R, <).

Remark 2.3.9 Reverse well ordered subsets of R (and thus of 2*) are
countable (let S C R such that S is reverse well ordered, let s € S and
p(s) be the predecessor of s then the interval (p(s), s) contains a rational;
so there is an injection from S to {(p(s),s) : s € S} to Q). Then reverse
well ordered subsets of R((z®)) are also countable ([18, p.13], [20]) and
then by induction onn € N, and by definition of the order in K, reverse
well ordered subsets of R((G,)) are countable.

Finally let R((¢))? := | K,, € R((GF)), where GF = |JG,,, and let E
denote the common extension of the E,,.
The authors in [I8] then add the logarithms of the elements: first let

o R((1)" — R((£))"
f o { > a.E(rx) %f f=>aa" € Ky
2 O(f)E(P(a)) if f=3"fuE(a) € Kpya

It is an order-preserving isomorphism acting like ”substituting E(x) for
x” and satisfies ®(G,) C Gpi1; P(A,) C Apyr and O(K,) C Ky

Then let Ly := R((¢))¥ and 6 := id. Given L, and 6, take L, 1 D L,
and 0,41 : L,y1 — R((t))¥ an isomorphism of ordered E-fields such that
for all z € Ly, 0,11(2) = ®(0,(2)).

Finally let R((¢))"* := J L,,, GF" := 6,1 (GF), GLF .= |JGF™.

By letting G, := 6,,1(G,,) € GP™, one can write Ly, := R((Gp.)) as
a field of generalised power series such that L,, = J,, Lmn-

There is a non-archimedean absolute value on R((¢))"¥, defined by

| f| = max Supp f
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and a corresponding valuation v : R((¢))X¥ — log(GLF)U{oo}, f # 0+
v(f) = —log(|f|). The valuation group is an ordered additive subgroup
of R((t))L¥, and the valuation ring is the set: {f : |f| < 1}.

Remark 2.3.10 The valued field (R((t))*E,|.]) is not spherically com-
plete, otherwise R((t))*E could be written as a Hahn field k((Q)), where G
is the value group of (R((t))*E,|.|) and k its residue field, [5])]. However,
R((t))*E is obtained in [18, (2.11)] as a proper subfield of R((GLF)) and it
is shown in [33] that it is not possible to obtain a logarithmic-exponential
ordered Hahn field k((G)) similar to R((t))LF because the ordered addi-
tive group of k((G)) is not isomorphic to its positive multiplicative group

when G # {1}.

Nevertheless, for n,m € N, by Fact (Linn :=R((Gmpn)), Lm(.)) is
spherically complete; as well as (R((GL?)), Lm(.)).

2.4 Model-complete theories of topological
partial E-fields

2.4.1 Q, as a valued partial E-field
Let £, g :={+,.,0,1, E, P,,n € N\{0}}, where P, are unary predicates:

P, (x)=3yxz=9y"

and let Ty, g, denote the theory of the valued field Q, with valuation
ring (and E-subring) (Z,, E,) in the language £, p.

In order to show model-completeness of the theory of the valued F-ring
Z, ([45), p.15]), N.Mariaule actually uses a strategy of L.van den Dries’s
proof that the structure of the underlying set R in the language of fields
expanded by symbols for the functions exp, cos, sin (restricted to [0, 1])
is strongly model-complete [16], as well as ideas from A.Macintyre’s [40)].

He defines a language £, g ¢ extending £, g by some kind of trigonomet-
V=TT o~V Ta

ric functions that could be the p-adic equivalent of cosx = 5

and sinx = % within the complex field:
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It is known by Krasner’s Lemma that the p-adic field Q, has finitely
many algebraic extensions of a given degree and that any of these exten-
sions is contained in an extension of the type Q,(8), where 3 is algebraic
over Q. Consequently it is possible to construct a sequence of finite
algebraic extensions K; C Ky C --- such that:

e K is the splitting field of Qx(X) polynomial of some degree Ny
with coefficients in Q.

o K = Q,(fk) for all fy root of Q, and Vi, := O, = Z,(Sk).
e any algebraic extension of degree k is contained in K.

Then let M be the Vandermonde matrix of the roots of the minimal
polynomial of 35 (note that M is invertible), and let ||.||z be the norm
from Kj, over Q, defined as follows:

Let P(X) := X" + ;X" ! + .-+ + @, be the minimal polynomial of
Br. Then ||Bkl||x := (—=1)"a,. For a € Ky, let ||al]x = ||5k||£ch:Qp(a)}v
where [K} : Q,(«)] is the degree of the field extension Kj/Q,(«).

Then let

Cije(@)icny, = || det M. M~ (Ep((81)°2)) e, 0,

where Gal stands for the Galois group of the extension. The functions
c; i, are the so-called trigonometric functions. Let

‘CILE,C = ,Cp,E U {Ci,j,k keN0<1,5< Nk}
He then shows

Fact 2.4.1 [45, Th. 9.5] The theory 1y, g, of the valued E-ring Z, in
the language L, g .c is model-complete.

Note that Q, is interpretable in Z,, hence its theory as a valued partial
E-field is also model-complete:

Let ¢(Z) be a L, g c-formula defined over Q,. Then the formula 37¢(Z)
is equivalent modulo 77, g, to a L, g c-formula 37y0(zy), where 0(z7)
is a conjunction of E-polynomial equations in zy defined over Z, (using
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logical equivalences and z7 # xo iff 32((z2 — 21).2 — 1 = 0), and of a
subformula expressing being in a definable open set. Furthermore the
valuation is definable using the predicates P,, by:

v(x) >0 Py(1+pa?)ifp#2o0rv(x) >0« P3(1+pa®)ifp=2

2.4.2 C, as a valued partial E-field

Let (K, v) be an algebraically closed valued field with value group I' and
let | be a binary relation symbol interpretable in the following way: x|y
iff v(z) <ov(y).

Consider the two sorted language:

Lr:={+K, &, x,0x, 1x,v, |, +r, =1, 0, 00, <r}
interpreted in K by:

e The first sort is the field K where +x, —k,.x,0k, 1x are inter-
preted as for the language of rings.

e The second sort is the value group I' with the point to infinity and
+r, —r,0r, cor, <r are interpreted as for the language of ordered
groups.

e The symbol v is amap K — I'U{oo} is interpreted by the valuation
and | is a binary relation symbol interpreted as above: x|y iff v(z) <

v(y).

Fact 2.4.2 [A.Robinson] The theory ACV'F of algebraically closed non-
trivially valued fields is axiomatised in Ly by

1. (K,T',v) is a valued field with valuation group T.
2. There are z,y € K \ {0} such that v(z) < v(y).

3. K 1s algebraically closed.

Fact 2.4.3 An algebraically closed (non-trivially) valued field has henselian
valuation ring, algebraically closed residue field and divisible value group.
The converse holds if the residue field has characteristic 0.
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Let £|,E = {+; ) -707 17 |’E}

Fact 2.4.4 [44, Th. 6.2.11] The L) g-theory To, i, of the valued expo-
nential structure O, is model-complete.

As above, C, is interpretable in O,, and existential formulas in this lan-
guage are equivalent to existence of zeros of conjunctions of EF-polynomial
equations and being in definable open sets.

Consider O,{{X p}}, the ring of separated power series in the variables
Xi,--+, X, p1,- -+, pn. For a precise definition of this ring we refer the
reader to Paragraph 2 p.78 in [38]. An element f € O,{{X,p}} deter-
mines a function from O} x M7 to O,,.

Let £, be the 3-sorted language with sorts:
1. (O,+,.,—,0,1) where O is a predicate for the valuation ring.
2. (M,+,.,—,0,1) where M is a predicate for its maximal ideal.
3. |C, the valuation group, with the language of ordered groups.

and a symbol |.| for the function O — |C|. Let L, be the language £, s
expanded by function symbols for each element in O,{{X,p}}s. Then
set division symbols on the valuation ring:

e oy ]| < ly #0
Dy(z,y) : O° = O : (v,y) — { 0 otherwise

02 . z/y iffz] <ly[#0
Di(w,y) : 07 = M (2,y) = { 0 otherwise
Let L2 := L,, U{Dy, D;}. L.Lipschitz showed the following:

Fact 2.4.5 [38, Th. 3.8.2] (O,, M,,|C,|) admits elimination of quanti-
fiers in LD .

J.Denef and L.van den Dries showed:

Fact 2.4.6 [14, Theorem (1.1) p.90] The theory of the LL -structure 7Z,
admits elimination of quantifiers.
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2.4.3 R as an ordered F-field

Now denote by L, g := {4+, —,.,0,1, E, <} the language of ordered rings
that are F-rings; actually < is definable by z; < x iff 32((zo — x1).2% —
1=0), and let Lo == {+,—,.,0,1,¢,<}.

Let Trexp be the L, g-theory of the ordered exponential field of real
numbers; and Tg . be the L, ~theory of the ordered field of real num-
bers where the unary function symbol € is interpreted by the restricted
exponential function-that we call € too— on |0, 1[:

Ve(0 <z <1l—e(@)=exp(x) ANz <0Vzx>1)—e(x)=0)

Fact 2.4.7 [57] TR exp is recursively axiomatized over Tg., via a recur-
sive set of axioms expressing the fact that exp is a strictly increasing
isomorphism from (R, +,0) to (R>°,..1) which eventually dominates ev-
ery polynomial.

Fact 2.4.8 [65, 2d main Th.] The L, g-theory of the ordered exponential
field of real numbers Ty exp @5 model-complete.

Let ¢(Z) be a L, p-definable formula, then the formula 3z¢(Z) is equiv-
alent modulo TR ey, to a L, p-formula 37y0(zy), where 0(Zy) is a con-
junction of E-polynomial equations in Zy (using logical equivalences and
xy # xo iff z((x9 — 21).2 — 1 =0).

Then it is possible to consider E-polynomial equations with only one
iteration of E by adding variables; hence actually by Fact a Lo p-
formula 3z2®(Z) is equivalent to the existential formula

Jz3GF (zye™e?) = 0
where F := (f1,---, f;), fi € Z[zye®eY).

Fact 2.4.9 [30]Let g1, - , gm be functions on R™*" defined on R by E-
polynomial terms with only one iteration of E. Let G := (g1, "+ , gm)-
Then there is N € N such that for any b € R™ the set

o991 .. 9q
B o1 OTm B
{a e R": G(ab) =0 and | : © |(ab) # 0}
99m ... Ogm
8{1}1 8$7n

contains at most N elements.
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Now let R{{ X7, , X,,}} be the ring of all real power series in Xy, --- , X,
that converge in a neighborhood of I, with I :=[—1,1].

For f e R{{Xy, -+, Xm}}, let fizm f(x)if z € I"™, x — 0 otherwise.
Let L, be the language of ordered rings augmented by a new function
symbol for each function f, and let

e vy i || <fyl #0
D(z,y): I = I : (x,y) = { 0 otherwise

Let LD = L,, U{D}, and Lop g := Lon U{E} = Lop U Lo 5. Let Ty
(resp. TP T, exp) be the L,,-theory (resp. L2 -theory, L,, g-theory) of

an’

the L,-structure (resp. L -structure, L an g-structure) R.
Fact 2.4.10 [19, Corollary 2.11] As L,,-structures, R < R((¢))F.

Let K = Tupexp- Then the constructions of Subsection can be
carried out to construct a structure K ((¢))X¥ [T, 2.11].

Fact 2.4.11 [17, 2.11] Let K = Ty enp. Then K < K(())“E.

Fact 2.4.12 [14, Theorem (4.6) p.125] T2 admits elimination of quan-
tifiers.

Fact 2.4.13 [I7, Theorem 1.1, p.417] Typexp 1S aziomatized by Ty, to-
gether with, for each n € N\ {0}, the following axioms: for all x, for all

Y
1. E(x+y) = E(z)E(y)
2. v <y— E(z) < E(y)
3. 2>0— JyE(y) =2
J.ow>n?— B(z) > 2"
5. Va(—1 <z <1— E(z) = £(x))

where £ is the function symbol of L, corresponding to the exponen-
tial power series Y oo X" € R{{X}}.



43

Let log be another unary function symbol, La g log := Lan,gU{log}, and
let Ton expiog D€ Thnexp extended by the axiom:

Va(z >0 — E(logz) =) A (x <0 — log(z) =0)

Fact 2.4.14 [19] Corollary 4.5] Tupn explog (7€SD. Tun.exp) admits elimina-
tion of quantifiers in Lon E log-

Consequently to Fact [2.4.14) R < R((¢))*F as Lo,k jog-structures.
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Chapter 3

Preliminaries

In this Chapter we recall a few analytic and algebraic results linked to
the topological notions of completeness, definable completeness, or spher-
ical completeness: the Implicit Function Theorem, Newton-Kantorovich
Theorem, and Hensel’s Lemmas. We also set a complete context in which
we will work later on: (K[[z7]],].]), where K is a field of characteristic
0 endowed with the trivial topology, (%,.) a multiplicative copy of the
additive group (Z,+), and K|[z%]] the valuation ring of the valued field
of Hahn series (K ((z%)),|.|). Then, starting from a topological E-field
(K, E,V) we construct a topological L-extension the domain of which
contains K ((z%)).

3.1 Implicit function Theorem

Let K be a field and (V,|].|lv), (W,||.|lw) be normed K-vector spaces.
Let L(V, W) denote the set of (continuous) linear applications from V' to
W. Recall that if f € L(V, W), then

1f]] = sup L llw
wev  |lullv

defines a norm on L(V, W).

Definition 3.1.1 Let U C V open. A mapping f : U — W is said
to be Fréchet differentiable at a € U if there is a bounded linear map

45
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AV — W such that:

@B — (@ = ARl

_ -0
B0 [IAllv

In that case, A is usually denoted by D f;.

The mapping f is said to be Fréchet differentiable on U if it is differen-
tiable on all @ € U. This defines a mapping

U — L(V,W)

Df: a Df;

Definition 3.1.2 Let r € N. Let U C V open. A mapping f: U — W
is said to be of class C° if f is continuous. If » > 1, it is said to
be of class C" if it is Fréchet differentiable on U and if the mapping
Df:U — L(V,W) is of class C""!. Tt is said to be of class C*, if it is
of class C" for all » > 1.

The Fréchet derivative in finite dimensional spaces is the usual derivative.

Let J fz be the mxn matrix whose rows are the vectors V fi(a), - -,V f,(a)
(the Jacobian matrix of f at a). If @ = Zg, let Jg 4 fa be the submatrix
of J f; of partial derivatives (gf:; (@),i=1,---,m,j=|z|+1,---,|zy|

If A is a squared invertible matrix, let A~! denote its inverse. We first
recall the Implicit function Theorem for Banach spaces:

Definition 3.1.3 [8, p.9] Let (K, |.|) be (R, [.|), (C,].|), or a commuta-
tive characteristic 0 complete non-discrete valued field with an ultramet-
ric absolute value |.| : K — R=%. We call a complete normed K-vector
space a Banach space.

Fact 3.1.4 (Implicit Function Theorem) [8, instance of 5.6.7] Let
(K, |.]) be (R,].|), (C,|.]), or a commutative characteristic 0 complete
non-discrete valued field with an ultrametric absolute value |.| : K — R=%;
and (Vi ||llv), W, ||.llw) and (Z,||.||z) be Banach spaces on K. Let
m,n,p € N\ {0} and suppose dimV =n, dimW =m, dimZ = p as K -
vector spaces. Let the mapping f = (f1,-+ , fm) : VXW — Z be of class
C" forr > 1. If (To,50) € V x W, f(Zo,%) = 0, and y — Jo5) fzog, i5 an
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isomorphism from W onto Z, then there exist neighborhoods O of Ty and
O of 4o and a class C" function g : O — O such that f(Zo, g(Zo)) =0
and such that for all (Z,7) € O x O', f(z,y) = 0 if and only if y = g(T).
Furthermore, for z € O, det Jg g fz,9z) # 0 and

Jgz = —(Jog Jra@) I fra@

Remark 3.1.5 If such neighborhoods O and O'-that can be chosen as
box neighborhoods— are fixed and the topology is definable, then the unique-
ness given by the fact that

for all(z,5) € O x O f(z,7) =0 iff j = g(T)

gives us the definability of g (see for example [65), 4.1-4.3 p.1063], where
it is shown that Fact is true in any model of Tk exp; this also applies
to our unordered context). Consequently in the above conditions a valued
field that is elementary equivalent to a complete valued field holds an
implicit function theorem.

Fact is also true in the context of definably complete structures [60,
Theorem 2.2.8 p.19]:

Definition 3.1.6 [6I, Definition 1] Let £ D L,in45 U {<}. A definably
complete structure R (in the language L) is an L-expansion of an or-
dered field, such that every definable subset of the domain of R which is
bounded from above, has a least upper bound.

Note that definable completeness is first-order expressible [60] p.12]:

for every L-formula ¢(z,y) in n + 1 variables, n € N,

vz ( 3Vy (o(Z,y) >y < 2)
— J2( Vy(o(T,y) =y < 2) AVEVY(d(Z,y) »y <t) > 2 <t ) )

and that it is a weak version of Dedekind completeness.

For example, given £ D L,;,,,sU{<}, any L-expansion of the ordered field
of reals (by Dedekind completeness) and its elementary L-extensions;
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hence any L, g-structure (K, E, <) |= Tk exp is definably complete. Nev-
ertheless, the class of definably complete structures strictly contains the
class of o-minimal expansions of the ordered field of reals (see [60]).

Note that if K is a definably complete L-structure, then, as an expansion
of an ordered field, K can be equipped with an absolute value: define
|| K — K=2%z— —xif <0, z — x otherwise. Then K is a topolog-
ical L,ing4s-field for the topology of the absolute value.

Moreover, recall that for n € N\ {0}, and V = K",

Iy = o £ = 1,y o

defines a norm on the K-vector space K™ (the 'maximum’ norm). Then
let n,m,p € N\{0}, V=K", W = K™, Z = K? and consider (V, ||.||v),
(W, ||.llw) and (Z,||.||z) in the hypotheses of Fact

In order to encompass all these situations, we define Hypotheses D’ and
Im:

Definition 3.1.7 Let L D L,ing4s and (K, V) be a topological L-structure.
We say that (K,V) satisfies Hypothesis D' if V is given by an absolute
value |.| — R=2Y or an exponential valuation |.| — G U {0}, where G is
an ordered abelian group.

Recall that a function f is said to be analytic, if f is infinitely differen-
tiable and for all x in the domain of f, the Taylor series of f at x does
converge to f in a neighborhood of x.

Definition 3.1.8 Let £ D L,y U {E}. Let (K, R, E,V) be a topo-
logical L-partial-E-field that satisfies Hypothesis D’. We will say that
it satisfies Hypothesis Im if, given n,m,p € N\ {0}, and normed K-
vector spaces (K™, ||.||o0), (K™, ]|||lco), and (KP,||.||), and a mapping
f = (fi,---,fp) + K" x K™ — KP? where for i = 1,---.,p, f; €
K[X] ®px) RIX]";

if there is U C K™ x K™ open such that f : U — K? is of class C* (resp.
analytic), and (Zo, %) € U such that f(Zo, 7o) = 0, and y — J(g 4) [zog0 18
a K-vector space isomorphism from K™ onto K?, then

1. there exist open neighborhoods O C K" of Zy and O' C K™ of 1,
such that O x O’ C U,
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2. there is a function g : O — O’ such that f(Zg, (%)) = 0 and such
that for all (z,y) € O x O, f(z,y) = 0 if and only if § = g(z).
Furthermore, det Jig 5 fz,4(z) 7 0.

3. The function g is of class C*° (resp. analytic), and for = € O,
19z = —(Jog fog@) ™ I fage)

3.1.0.1 Examples
e The topological exponential field (C, exp,|.|), by Fact |3.1.4]

o If LD Lings U{<, E}, and (K, R, E,V) is a definably complete £-
structure, and a topological partial E-field the topology of which is
the order topology. Then by [60, Theorem 2.2.8 p.19], (K, R, E,V)
satisfies Hypothesis Zm. Moreover, one can choose O, O" definable,
and obtain that the function g : O — O’ is definable. In particular,
any Lo, p-structure (K, E, <) = T exp satisfies Hypothesis Zm.

e The Lg,c-structure (Q,, Z,, E,,V,)

(resp. the L g-structure (C,,0,, E,,V,)), where V, is a base of
neighborhoods of 0 in Q, (resp. in C,) for the valuation [.|,, and
E, is analytic on Z, (resp. on O,), satisfies Hypothesis Zm by Fact
B-1.4) applied to the Banach spaces (K™, ||.]|x), (K™,]|].]|x), and
(K?,|].||s) over (Qy, |.|p) (resp. over (C,,|.|,)). Here again, one can
choose O, O’ definable, and obtain that the function g : O — O’ is
definable.

o Let LD Lyings U{E}. Let (K, R, E,V) be a topological L-partial-

E-field that satisfies Hypotheses D and D', and such that K is the
field of fractions of R.
If L="Lgpcand (R, E) =Tz, 5, (resp. if L =L and (R, F) |=
To,.k,), and if we are given an open definable set U and f : U C
K" x K™ — KP analytic (for example f C K[X] ®g5 R[X]F)
and (Zo, %) € U such that f(Zo,%) = 0, and y — J(g5)[zeg, 15 an
isomorphism from K™ onto K?); then, as the topology is definable,
by Remark and the above item, the obtained definable func-
tion g : O — O’ is continuously differentiable on O, hence by the
formula giving Jg it is analytic. Consequently (K, R, E, V) satisfies
Hypothesis Zm.
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In the conditions of Hypothesis Zm, let us denote:

SC0x0,2) - C0,2)
f = [T f(T,9(T))

Where C°(., Z) denote the continuous functions from . to Z.

I —

? Ox; T

In particular for i = 1,--- ,p, f; = 0, hence for j =1, -+, |z

Fact 3.1.9 Let h be a continuously differentiable scalar function de-
fined on O x O’ such that h(Zg,9) = 0, and with m = |go|. Then
V f1(Zo,%0)s - 5 Vfm(Zo, %), VR(Zo,Yo) are linearly independent if and

A~

only if Dhz, # 0.

Proof. The proof is word to word the same than in [65, Lemma 4.7
p.1065]. Let foy1 := h and suppose that 374" a,.V fi(Zo, 7o) = 0 and
that there is ¢ such that a; # 0. If apq = 0 then Y1, a;.V fi(Zo, Jo) =
0 hence all a;’s are zeros as V fi(Zo,%0), "+, Vfm(Zo,Yo) are linearly
independent as D f(z, 50) is surjective. Consequently a,4; # 0. Let us
write ¢’ :  — (2, g(z)). By derivation we have that

> [Zol+I%ol
dfi ofi . _ . 0g; _
8:cj( 0) E: 8xk( 0+ o) axj( 0) (D)
forj=1,--- |Zg|land i = 1,--- ,m+1. Furthermore, for j = 1,--- | |Z¢|,
@(x):a_l mgla'a—ﬁ(x) asfori=1,---,m a—ﬁ(ac):O
033]- 0 m+1° Zal’j 0 ) 5 ,ax]’ 0

as Z:’;l a; gg}i (Zo,Yo) = 0 by hypothesis. Therefore D/f;io =0.

Conversely, suppose that V f1(Zo, %0), -, V fm(Z0, Yo), V frnt1(Zo, Yo) are
linearly independent. Let A be the (|Zo| + |go|) x (m + 1) matrix with
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columns V f;, for 1 <i < m+ 1. By linear independence of the columns,
rank A = m+1 so ker A is of dimension |Zg|+|go| — (m+1) = |Zo|—1. By

the derivation chain rule (D) and because for i = 1,--- ,m, gﬁ_ (o) =0,

one obtains:

99 - s +1gol (- _ Ofmst -
(axj <I0)7 78—%(1‘0) A= 07 707 ax] (l’o)

for j=1,---,|%|. As ngi = 0;; for 1 <4, j <|Zy|, the vectors
991 Oiaol 130
(Zo), -, —5 — (Zo)
<8a:j 8xj
for j = 1,-- ,|Zo| are linearly independent hence they cannot all be in
ker A. Consequently there is some jin {1,--- | |Zo|} for which %(EO) +
0. m

3.1.0.2 Desingularization of E-polynomial functions

This subsubsection will be used only in Section [6.3]

Let K be a field endowed with a definable topology, and let o, be a
non-empty collection of non-empty definable open subsets of K™ which
is closed under finite intersection. Denote by D™ (q,,) the set of equiva-
lence classes, or germs, of pairs [f, U] where U € 0, and f : U — K is
the restriction to U of an E-polynomial function defined on K (thus is
infinitely differentiable): [fi, U] and [fs, Us] are said to be equivalent if
there exists U € o, U C Uy N Uy, and for all x € U, fi(z) = fo(x).

It is a ring when equipped with the natural operations of addition and
multiplication.

Fact 3.1.10 ['Lack of flat functions’] Let £ = L4 U {<, E}, and
(K, R, E,V) be a definably complete L-structure, and a topological par-
tial E-field the topology of which is the order topology. (resp. £ = Lg ¢
and (R,F) = Tz, g, and (K,R,E,V) is a topological partial E-field)
(resp. L = Lp and (R, E) |= Tp, g, and (K, R, E,V) is a topological
partial E-field).

Let M be a Noetherian subring of D™ (s, closed under differentiation.
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Let I C M be an ideal also closed under differentiation. Then V() = ()
or V(I)= K"

The proof is in [65], proof of Theorem 4.9], (resp. uses the fact that the
functions are analytic, as it is done in [44] proof of Proposition 5.1.4]):
indeed, if I is closed under differentiation and V(I) # 0, let [¢,U] € I
where g is analytic and a € V/(I). Then all the partial derivatives of g
vanish at a so by analyticity ¢ = 0 on a neighborhood of a, hence on
V(I), and then I = {0} so V(I) = K™.)

Let (K, R, E,V) be a topological partial E-field.

Let P(X) € K[X] ®gx) R[X]P. The E-polynomial P corresponds to a
term ¢ of the language L£,;,4s U{E}. This term has been constructed by
induction after a finite number of steps. Let us slightly abuse notation
and call subterms of P’ the terms appearing in this iterative construc-
tion.

Now let P = (P,---,P,) C K[X]®px) RIX]F. By Fact[2.1.9, endowing
R[z]¥ with the usual partial derivations, there is an isomorphism be-
tween E-polynomials and E-polynomial functions. Let U € V, where V
is a base of neighborhoods of 0 in K such that (K, R, E,V) is a topolog-
ical partial E-field. The ring M of germs [f, U] generated by functions
associated to subterms of Pj,--- , P, is finitely generated and closed by
differentiation.

o Let (K,E,<) = Trexps P = (P1,-++,P,) C K[X]¥,aeV(P)C
KW Let U be a neighborhood of a for the order topology, and
F :={exp}, or

b Let (K7 Ra E,V) ): Th(QP7ZP7Ep7 ||p)
(resp. (K7 Ra E7 V) |: Th‘((cpv Op’ EP’ HP))

Let P = (P, ,P,) C K[X]|®px) RIX]®, a € V(P)C KX Let
U be a neighborhood of @, and F := {E,}.

Then, as seen above, the ring M of germs [f, U] generated by functions
associated to subterms of P, --- , P, on U is finitely generated and closed
by differentiation.

Consequently Proofs of [44, Proposition 5.1.4] and [65, Theorem 4.9] go
through, we write it for completeness:
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IfaeV(fi, -, fm) and Vfi(a), -,V fn(a) are linearly independent,
we say that a € V™9(f1, -, fn)-

Fact 3.1.11 Let (K, R, E,V) be a topological L-partial E-field satisfy-
ing Hypothesis Zm and ’Lack of flat functions’ . Let F' be a
family of E-polynomial functions K™ — K, n € N\ {0}.

Let @ € K™ and M a Noetherian subring of the ring D™ (0,,) generated
by germs associated to F' on an open neighborhood U of a such that M

is closed under differentiation. Let m € N and [fi, U], -+ ,[f1,U1] be
germs in M. Suppose a € V(f1, -+, fm) and the gradients of fi,--- | f,
at a, Vfi(a), -+, Vfn(a), are linearly independent. Then, exactly one

of the following is true:
1. n=m;or

2. m < n and for all [h, W] € M such that h(a) = 0, h vanishes on
UNnV(fy, -, fim) for some open neighborhood U of a.

3. m < nand for some [h, W] € M, h(a) = 0and Vfi(a), -,V fn(a),
Vh(a), are linearly independent.

Proof. Suppose m < n and let d = n — m. The gradients V fi(a), -,
V fm(a), are linearly independent, so we can suppose without loss of gen-
erality that Jg, 5,.)fa is invertible, where 04 = d and ¥ = 41, Y-
Let A : 7+ det Jg, 4,,)fz- There is a neighborhood U of @ on which A is
invertible, and A := [\, U] € D™ (g, is invertible.

Let M* := M[A™']; denote dg4d,, := a, where dg := ay,---aq and
am = Qgy1,"** ,0n. Consider M*, where " is the map defined in the

conditions of Hypothesis Zm. Note that M~ is a Noetherian subring of
D(d)(O' d)-
By Hypothesis Zm, we have that:

Jgid = _(J((_)d,ﬂm)ffid,g(ffd))_lind,g(ffd)
= A" eom(J 6,90 Fraa@a) T rao@a)

Consequently the partial derivatives of g belong to M*, and then by the
chain rule of derivations, M* is closed under differentiation.

Then let [ :={g € M~ g(aq) = 0}.
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o If I = {0}. Let g = [h,W] € M, such that h(a) = 0. Then
g(aq) = 0, hence g € I, hence g = 0. The latter meaning that h
vanishes on UNV"™(fy,--- | f,,) for some open neighborhood U of
a.

o If I # {0}. By Fact [3.1.10, I is not closed under differentiation,
thus there is ¢ € M* and 1 < i < d such that g € [ and % ¢ I
Nevertheless, there is a power of A, say A¥, such that A¥.g € M.
Let h = A*.g. Then h(a) = 0 and

oh 1, ON N
oz, (@q) = (k?/\k l(ad)%g(ad)> + <Ak(ad)axgi (ad)) #0

Consequently Dh, % 0, thus by Fact , V@), -, Vfn(a),
Vh(a), are linearly independent.

3.2 Newton-Kantorovich’s theorem

Fact 3.2.1 (Newton-Kantorovich’s Theorem) [22, Theorem p.10],
[60, Theorem 1.4.1, p.13] Let (V,||.|lv), W, ||.llw) (Z,|]-l|z) be either
Banach spaces over (R, |.|), or of the form (K™, ||.||s), (K™, ||.||x), and
(K?,||.||c), where K is a definably complete L-structure, for £ O Ly ingsU
{<,E}, m,n,p € N\ {0}. Let U be an open convex subset of V. Let
f:U— W be Fréchet differentiable on U with

|Dfo(u) = D fy(u)]lw
[lullv

|Dfe — Dfyl = sup <Az =yllv (%)
ue

for some A > 0 and for x,y € U. Assume that xy € U is such that:
1. Df VW =V eists
2. there is £ >0, ||Df | <&
3. there is € > 0, ||Df 1 f(wo)]| < €

4. h=2eX e <1
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5. B(wo, t*) = {z: ||z —zo||y < t*} CU, where t* := 2(1 —+/1— h)e

In the case where K is a definably complete L-structure, assume also that
f 1is definable.

Then
1. there is x* = such that f(z*) =0 and * € B(zg,t*)

2. x* is the only solution of f(x) = 0 in the set B(xg,t') N U, where

ti= 2(1 4 T— h)e

Lemma 3.2.2 Let L := R, C or R((t))*E, and let W be a base of
neighborhoods of 0 in I for the topology of the absolute value |.|. Let
(K,exp) C (L,exp) be an E-subfield such that Q C K and let V be the
base of neighborhoods of 0 in K induced by WV .

Let Q()_() = (Q1(X), -, Qum(X)), where fori=1,--- ,m,

Qi(X) € K[X]F. Let a € K™ be a regular zero of Q.

Then there is t* € R, t* > 0 and a neighborhood W & W, such that
for any elements ty,--- ,ty in W ecl-independent over K, where d € N
and d+m < n, letting

C_LO = a/l +t17”' 7ad+td7a’d+17”' ,an
then there is a zero of Q in ecl*(K(ty,--- ,tq)) N B(ao,t*) C L.

Proof. Let ty :=t,--- ,t4 C B(0,1) C L be an ecl-independent tuple

over K, r:=n—d—m, and let ag := ay,--- ,aq, @ := agy1, - ,a,, and
= .

a' = pyq, Gy

Consider

Q' (X') == (Q1(ag,ar, X'), -+, Qon-a—r (g, ar, X))

QUX") = (Q1(ag+ta,ar, X'), -+, Qon—a—r(@a + ta, ar, X))

where X' := X1, , X,

Let U = B(@,1) CL* 47" =1Lm™.
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1. Because a is a regular zero of @), we have that det DQ%, # 0. By
continuity, there is 0 < §; < I such that [[£4]|Le < & implies
det DQY, # 0. Hence DQY, is invertible.

D ,—/ -1
2. H[DQ:’z’]_lH — sup H[ Qa] <U>H
weLan—d-r [Jul] .
By continuity there is 0 < dy < d; such that ||t4||pe < 02 implies

1IDQET | < 201[DQy] |
Let € = max{1,2/|[DQL] "},

3. D@’ is a continuous linear operator, hence is Lipschitz continuous—
equivalently satisfies assumption (x) of Fact [3.2.1}-. Let A; be the
Lipschitz constant for DQ’ on U. By continuity , there is 0 <
03 < 09 such that ||t4||Le < 03 implies that DQ" satisfies () for the
Lipschitz constant 2\, hence

D /}/_D /*t/
1DQ% - QL _

sup — —
z'£u' el ||z" — @]

Let A := max{1,2\;}.

4. Let € := 2571{. Recall that t; do not appear in (" which is defined

on K. By continuity there is 0 < 0, < 03 such that ||t4][pe < 04
implies

1Q"(@)[DQw] ™ — Q'(@)[DQyI || < €
5. Take f; C B(0,64) Then h = 2.6 \e = 6 < L.

2 5
=50~ V1- S)axe

We have that —y/1 — §; < —(1 — §;) and then that ¢* < f\—lg < 4.

Consequently the hypotheses of the theorem are satisfied and we can let
W := B(0,4,). Using Newton-Kantorovich Theorem [3.2.1] we then find
a point @™ such that Q"(a™*) = 0, hence the point (a4 + t4, @,,a”™) is in

A.
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3.3 Hensel’s Lemma in Laurent series

3.3.1 Laurent series
Let (K, E,V) be a topological E-field, and let (%, .) be a multiplicative
copy of the additive abelian group (Z, +).

Set t := 27! and K((t)) := K((x%)), field of Hahn series as constructed
in Subsection [2.3.2L Hence for s = Y st 7% = 3" sp2% € K((2%)),

Supp s = {a"* € 2% : 5, # 0}
Lm(s) = max Supp s
Le(s) = sy, where 2 = Lm(s)
Then one constructs a topological partial E-field (K ((t)) := K((2%)), E, W),
where W is defined as in subsection 2.3.2}
Wy :={s € K((z%)) : Lm(s) < 1and if Lm(s) = 1, then Lc(s) € V'}
Wk = {s € K((z%)) : Lm(s) < 2"}
W(K) = {WV,O Vv S V}
W= W(EK) U {W : ¥ € 2%}

Recall that if V is not discrete then W(K) satisfies Comp(K'), which
induces an equivalence relation ~yy k) on K((t)) with in particular:

t ~MW(K) 0

When V is the discrete topology on K, then W corresponds to the topol-
ogy given by the canonic ultrametric absolute value of K ((t)):

H:{ K((@%) — 22U{o}

s = |s| = Lm(s)
With valuation ring
K[[2"]] = {s : Lm(s) < 1}
and maximal ideal

m(K[[2"])) = (s : Lm(s) < 1}
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Equivalently

G B o

|l os=D> kit = v(s) =min{i: k; # 0}

With valuation ring K[[t]] = {s = > kit' : i« > 0} and maximal ideal
m(K[[t]) = {s=>_kit" : i > 0}.

We will abuse notation and denote also v by |.|.

For k,l € K((t)), set k ~g Liff |k —1| < 1 thatis k—1 € m(K][[t]]). Note
that ¢ ~x 0 in K((t)).

Remark 3.3.1 Starting from a topological field (K,V), let us consider
both defined topologies on K((t)): the one given by W and the one given
by |.| that is trivial on K. Let s € K((t)). Then

SNKO Zﬁs Nw(K)O

Indeed if s ~k 0, trivially s € V for all V. € W(K). The converse
holds too because we have supposed the topology given by V on K to be
Hausdorff.

We will use this equivalence mainly in Section [7.

Endow x% x -+ x xZ with the antilexicographic order and consider

E((27)) - ((a)) = K((aY x -+ x ay,))

n

First notice that one can define a topology on K ((x%)) - - ((zZ)) by recur-
rence, considering, for i = 2,--- ,n, K((z%))---((z%)) as a field of Hahn

series over K ((2%))---((z%,)) and endowing it by W;, with Wy = V
and W, constructed as WV above, thus

Lim; : K((21)) -+ (7)) = K((21)) -~ ((¢f))
For s € K((x%)) -+ ((2%)), let
Lm(s) := (Lmy (Leg (- (Len(8)))) -+ s Lmy_1(Len(s)), Lmy(s))

Wavo = {s € K((a1)) - ((a)) : Lm(s) <

n
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W, = {s € K((@7))--- ((«7)) : Lm(s) < (27", ,2;)}
Wi(K) = {Wyyo : V €V}
Wi = Wo(K) U{W, i = 75 € 2l x - x 2}

where zF = (2%, ... | zkn),

rrn

Now let us denote K((t)) := K((t1)) - ((tn))
(resp. K[[t]] := K[[t1]] - - - [[£n]])-

Let 4 := (i1, ,in), t := (t1,- -+ ,tn), ki := ki, ... 4, and

> kit =) Z(anltf) il A
u n—1

) in in—l

_ i1 7
DI DL
in i1

If V is trivial on K, one can similarly define an absolute value |.| on
K((t1)) - ((tn)) by recurrence, considering, for i = 2,--- n,
K((t1))---((t;)) as a field of Hahn series over K((t1))---((t;—1)) and
endowing it by |.|;:

. { KD ) (@7 x - x 22) U {0}

s = ([Lea (- (Lea($))]y -+ s [Len(8)ln1s [5]n)
Or equivalently by |.| : K((t1)) -+ ((tn)) = (Z x -+ x Z) U {o0}.
Lemma 3.3.2 (K[[t]],]|.]), is complete.
Proof. Let (s, := >_; k,3') be a Cauchy sequence. For h € N, s,,, — 5,

converges to 0 in K/[[f]] when p — oo, hence for each 4, k,,p,; — k,;

converges to 0 in K[[t]]. As each k,; € K, for each ¢ there is N; such
that if p > N;, k,17 — k,7 = 0. In other words, the sequence (k,j;), is
stationnary after a finite number of steps, thus converges to some k; € K.

Let s := - k;t', and let r € N.

sp=s=D (ki — k)t = 3 (hpa—k)f+ > (k= k)E
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Hence
,

> (ki —k)E

i1, ,in=0

S, — S| > min
s

where ¢ = (#7114,

|t7‘+1|}

Let N, := maxo<, ... i,<r N;. For p > N,

:’(_)|:

i1, sin=0

hence |s, —s| > (r+1,--- ,r+1) > (r,---,r). Consequently,
VraN,p> N — |s, —s| > T

Thus (s,) converges to s in K[[{]]. =

From now on we will work with the exponential valuation.

Now let m € N\ {0}, and z € K[[t]]™. Define ||Z|| := max", |z;|, and for
A = (aij)ij=1,- m, where each a;; € K[[t]], |[A|| := max}’_, |a;;|. This
makes K[[t]]™ and M., (K[[t]]), the set of m x m matrices with coeffi-
cients in K[[t]] equipped with the addition of matrices, complete normed
vector spaces over K [[ﬂ] If K is equipped with an exponential E. let us
denote, for k := ky, -,k € K[[t]|™, E(k) := (E(k1),--- , E(kn)), and
in the particular case Where k € m(K[[t]])™, by Remark [2.3.2) -

_ K ki ki
explf) = 30 (M 5
Lemma 3.3.3 Let m := |X| € N\ {0}, and Hy defined by
H(X) = (Hi(X), -, Hu(X)) € K[[f][X]"
be a Hovanskii system. Then for a,h € K[[t]]™, h ~k 0, and H(a) ~ 0,

1H(a+h) — H(a) — h.J Hg|| < [|h]|*



61

Proof. First note that if a := ao + a;, where a;,h € m(K][[f]]™) and
Gy € K™, then E(a+ h) = E(ao)E(a, + h) = E(ao) zk @ Then by
[12, Remark 4.5.2 & Proposition 4.5.3], for ¢ = 1,--- ,m, H is analytic
as an iteration of compositions of £ and polynomial functions. Hence

|H;(a + ﬁ) — H;(a) — hi.VH;(a)| < |h1]2
Therefore:

[1H(a+h) — H(a) = h.J Hg|| < ||R]*

3.3.2 Hensel’s lemma

Proposition 3.3.4 Let (K, R, E) be a partial E-field, and

H C K[[t][X] @ gz RIE]X ] defining a n X n Hovanskii system. Let
a € KI[t]]" such that H(a) ~

b€ K[[t]]" such that H(b) =0,

k0 0 and det JH; =~ 0. Then there is
b~k a, and det JHy ~g 0.

Proof. Let ay := a, and consider the order one Taylor development of
H at a, namely:

TH7Q71(B) = H(d) + JH@B

Then Ty a1(h) = 0 is a linear system of equations in h, solvable as
det JH; # 0:

(@ 5 ~hn H,(a)

%%T(@ %%:(a) _hn Hn(d)

We call b, its solution:
by = —(JHy) ‘'H(a)
tcom(JHg)H (a)

= det JH,

where ‘com(JHy) := (cl-yj) is the tranpose of the cofactor matrix of JHj;.
For each i,j = 1,--- ,n, |¢;j| = 1 as ¢;; is a minor of det JHj;, hence
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[01]] < ||H(@)]], as | det JHq| = 1:

b1l = [(det JHZ) Y. ey Hy(a)

J
< 1.II1JaX|Ci,j|-|Hj<a)’

— max|H,(a)
- 1H @Il <1

Consequently by ~g 0. Let a; := @ + by. By continuity, H(a;) ~x 0
and deii JHg, =~k 0. Therefoire we can reiterate and find a solutioniof
Tta,1(h) = 0 which we call by. By Lemma [3.3.3, as H(a) = —JHg.by,

we have
|H,(a1)| = |Hi(@1) — Hy(a) + VH;(@).byi| < |bui|* < [|ba]]* < 1
And [|H (a,)|| = max; |H;(a1)] < ||b1]|*.

Then for k£ € N, let a1 = ax + l_?k+1~ Following the induction pro-
cess, one obtains for each i =1,--- ,n and k € N:

axss = apal = gl < 1H(@w)l < Bl < 110" < [|H (@)

The sequences (||bg||)x and (||H (ax)||)x converge to 0, hence the sequences
(bi)r and (H (a))x converge to 0 too. Moreover, the sequences (ay ;) are
Cauchy sequences: indeed,

Qkthyi — Qkyi = Qkthi — Qkth—1i T Qkph—14 — Qkph—2,i T — Ak

hence

h _ k

(@rni = apal < maxflarss — arej-ral} = laprs — axal < [1H (@)

By completeness of K|[[t]], (ax;)r>1 converges to some ¢; in K[[t]]. Then,
one gets that |¢; — a;] < 1, and furthermore that ¢; ~x a;. As each H;
is continuous, the sequence (H(ay))x converges to H(¢), so H(¢) = 0.
Furthermore as ¢ — a ~g 0, we have that det JH; ~x 0 by continuity
(otherwise det JH; ~g 0) hence it is different from 0. =
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3.3.3 An F-field containing Laurent series

In this section we construct a topological unordered E-field of under-
lying set K((t))¥~hence which contains Laurent series K ((t))-starting
from a topological unordered E-field (K, E,V). We follow and adapt the
‘exponential part’ of the iterative construction of the field R((¢))XF in
[18]. Note that it is then possible to iterate the construction to obtain an

E-field K((1))" := ((K((t1))") -+ )((ta))" containing K((t1)) -+ ((ta)).

3.3.3.1 Orderable groups and Hahn series

We begin by recalling that as K is a field of characteristic 0, its additive
group, being abelian and torsion-free, is orderable by Fact [2.2.11] and
that we can choose the order with 0 < 1.

Definition 3.3.5 Let K be a field of characteristic 0 such that (K, 4+, <y
) is an ordered additive group, let (G, ., <¢) be an ordered abelian group
and consider the field of generalized series K ((G)). For a,b € (K((G)),+),
set a < biff Le(b—a) >k 0.

Remark 3.3.6 The order < on K((G)) is implicitly defined from <g
as well as from <k, as for s € K((G)), Lc(s) is determined by |s| =
Lm(s) = max Supp(s) € G.

Lemma 3.3.7 The order < on (K((G)),+) of Definition is a
well-defined order which is compatible with the group law and which
extends both <x and <g. Furthermore (K((G=')),+,<) is conver in
(K((G)),+,<).

Proof. It is obvious that < defines an order on K ((G)) compatible with
the group law (the set S = {s: s > 0} satisfies Items [1] 2 and [3|of Fact
, and that this order extends <. To see that < extends <, first
note that for g € G, Le(g) = 1. Hence for g1,92 € G, Le(go — g1) = 1
iff go >¢ g1, Le(ge — g1) = —1iff g2 <g g1, and Le(go — g1) = 0 iff
g2 = ¢g1. In other words we have that g < go iff Lc(ga — g1) >k 0 iff
Le(ge — g1) = 1iff g1 <¢ g

Next we show that (K((G=!)),+, <) is convex in (K ((G)), +, <):
Consider a,b two elements in K((G=!)), and ¢ € K((G)) such that
a < ¢ < b. Suppose by way of contradiction that ¢ ¢ K((G=')). Then
le| > 1 but |al, |b| < 1. Hence |¢| > |a| and |¢| > ||, thus:
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1. Le(e —a) = Le(e) > 0 because a < c.

2. Le(b— ¢) = Le(—c) = —Le(c) because |b| < |c¢| and —Le(c) > 0
because ¢ < b.

which is a contradiction —if ¢ # 0- so ¢ € K((G=1)). =

We adapt the notion of 'pre-exponential’ ordered field defined by L.van
den Dries, A.Macintyre and D.Marker in [I8] to:

Definition 3.3.8 We define a quintuple (F, A, O, E,V), where F is a
field of characteristic 0 equipped with a base V' of neighborhoods of 0
making it a topological field, and where (F,+, <) is an ordered group, to
be a pre-exponential topological field if

1. (A, +,<) and (O, +, <) are ordered subgroups of (F,+, <) and O
is convex in (F, +, <),

2. F=A® O, and

3. E:(0,4,0) — (F*,.,1) is a homomorphism of abelian groups,
continuous for the topology induced by V on O.

Note that E is asked to be continuous for the topology V of F, and not
especially for the order topology of the additive group.

3.3.3.2 [Iterative construction of K((t))f as a union of Hahn
fields

Starting from a topological E-field (K, E,V), we follow the construction
of [I8] that we adapt to our topological unordered context.

To begin let K1 := K, V_; := V, and order the additive group (K, +)
by < by Fact indeed, K is torsion free as the underlying additive
group of a characteristic 0 field. Let Ky := K((z%));

Op = K((z*=)) = {se K, : |s| <1}

Ap = K((xK>1)) ={se Ky : Supps > 1}

By Lemma [3.3.7 (Op,+,<) is convex in (Ko, +,<). Define V, as in
Subsection [2.3.2] on Hahn series.

Wy = {s € K((z)) : Lm(s) <1 and if Lm(s) = 1, then Le(s) € V'}
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W = {s € K((z")) : Lm(s) < 2*}
V()(K) = {WV,O . V S V_l}
Vo = WE)U W, : 2¥ € 2}

As seen in Subsection [2.3.2] on Hahn series it is possible to extend F to
a homomorphism Fy : Oy — K

E, : Op=K_,®K(("™)) — Ky
0 k+e = B(k).3, <

n=0 n!

Ky is a topological L, ;45 U {E}-extension of K_; by Corollary [2.3.8
Im Ey C Oy, and Ej is continuous on Oy by Lemma [2.3.7] consequently:

Remark 3.3.9 (K, Ay, O, Eo, Vo) is a pre-exponential topological field.

Remark 3.3.10 Notice that, as K O Q,
K((2™)) = Ko 2 K((z"))

Hence K((t)) is a subfield of K((x)).

Moreover, if k € K, then |k| = |k.2°| < |z|, and likewise |k| > |71 = |t].
In other words, x is infinitely large relatively to the elements of K, while
t is infinitely small relatively to the elements of K.

Now suppose n > 0 and that we have a pre-exponential topological field
(K, = K((G)), An, O, E,, V). We take a multiplicative copy a7 of
A,, and set 2F >, 4, 1iff k >4 0. Let M, : A, — x be an order
preserving isomorphism. We then consider K, := K,((z%")), and we
set:

o A= {s € K,((z")) : Supp s >,a, 1}

o Ony1:={s € K,((xz)) : |s| <ga. 1}, that is the valuation ring
of K,,((z4"))

o G, := Gn(;:cA" as a direct product, on which we put an antilex-
icographic order.
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We denote (K ((Gy))) ((«*)) simply by K((G))((z"")).
Notice that G,, is a convex ordered subgroup of G, ;. Consequently
there is an isomorphism of K((G,))-algebras between K((G,.1)) and

K((Gn))((x)):

Z Cgni19n+1 — Z < Z CQA,gngn> ga

In+1€Gn41 ga€xAn \gn€Gn

Hence the notions of "leading monomial” and 'leading coefficient’ are well-
defined for an element in K ((G,,41)): in particular the exponential abso-
lute value at step n + 1,

bt 2 K((Gy1)) = Grgr = G X 2

can be constructed from Lm(.) : K((Gpy1)) = Gpi1 = Gnix“‘",
or from

[+ K((Ga))((2™)) = 2, Le() « K((Ga))((2)) = K((Gn)),
and |.|, : K((Gy)) — Gy:

|81 == Lm(s) = (|Le(s)|n, |s])

One can easily check that |.|,+1 is an exponential absolute value with

value group G, 1, and valuation ring K ((G51;))-

Fact 3.3.11 [18, Lemma 2.2 p.9]

— 4
G, = 25Xz % . X g
— xK<;$AO@"‘@An71
with 2% N pAc® @41 = 1}

By Lemma [3.3.7, one extends the order of K, by setting, for a,b €
(Kn+17+):
b>g,., aiff Le(b—a) >k, 0

This makes O,,11 convex in K, 1.
Then K, 11 = Ant1 @ Opyq and

OnJrl = Kn s> m(0n+1> = An S¥ On S¥ m<0n+1)
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We use the multiplicative copy of A, to extend the exponential to the
‘infinitely large’ elements of A,,:

n

E .. Ay ® O, om(Opy1) — Ko
e s=a+o+e€ = Epg(s) = My(a)Ey(0) Y0 0 S

We extend the topology as in Subsection by setting as neighbor-

hoods of 0 in K, ((z)):

Wy = {s € K,((z™)) : |s| < 1andif |s| = Lm(s) = 1, then Le(s) € V}

W) = {s € Ku((z™))  [s| < M(a)}
%n = {WV,O Ve Vn}
Vi1 := 7;;7L @) {WM(a) Tac An}

Lemma 3.3.12 The application sending A, to its mutiplicative copy

A
T,

M : A, C K,((z*)) = 2 C K,((z*)),a — s = M(a)

18 continuous on A,,.
Proof. Actually, to be precise we should write:

A1 C Kp((z?)) — K ((z))

Mo a2 @1 o s =1s| = 1M (Le(a))

and consider the continuity of M at a point
ap € Ap,.1 C K1 C Ky (™))

that is ag = Lc(ap).1, with Supp(Le(ag)) >k, 1 in K,. As this makes
the notations quite heavy, we do it only for the proof. Let U € V, 1,
and so = 1.M(Lc(ap)). Then s 4+ U is an open neighborhood of sq in
K,((x"")). By Fact item (T'M1), there is O € V,;; such that
so0 C U, that is so(1 +O) C so+ U.

Then, as (s + so0) Nz = {50}, one obtains

M~ ((so + 500) Na™) = {ag} = {Lc(ap).1}
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Furthermore, {ag} is open for the induced topology on A,,.1. Indeed,
Supp (Lc(ap)) > 1, hence let V' € V,, be such that A, NV = {0}. Then
WyonA,.1={0}, and (ap+ Wy,) NA,.1 = {ag} which is well the trace
of an open set of K,,;1. =

ImE, C K, and E, 1 is continuous on O, by Lemma and
Lemma [3.3.12] This makes K, is a topological L, ;.5 U { E'}-extension
of K,, by Corollary [2.3.8] and more generally of K;, for —1 <1 < n.

Finally, we let K((¢))¥ := U,K, and E the common extension of the
E,. We have a topology on K((t))¥ [23, p.576] given by the following
set W of neighborhoods of 0:

{ L) Wa: Ws € Vsand Woyy € Ty, with Woya N K, = Wa}

BLaw

which endow K ((t))¥ with the structure of a topological field, and by [23)
Lemma 2.16], it is then a topological L,;,gs-extension of each (K, V,),
n > 0. Moreover E is continuous on K ((¢))¥ hence (K((t))E, E,W)
is a topological L,,4s U {E}-extension of (K, E,V)-the latter being a
topological E-field, contrary to the (K,,O,, E,,V,), n > 1, that are
only topological partial E-fields—.

Remark 3.3.13 In this section, starting from a characteristic 0 un-
ordered topological field K, we have arbitrarily ordered its underlying
additive group (K,+). Note that one only needs to order the latter so
that all the (K,,+) are ordered. Independently, one can also consider as
valued groups the underlying additive groups of the Hahn fields appearing
in the construction:

(K (%)), Lm(.)), (Ku((@)),+, Lm(.)), (K(Ga), + Lm(.)).

Still independently, we have constructed (K((t))¥, E,W) a topological
Lings U{E}-extension of (K, E,V), where W is neither the order topol-
oqy nor the valuation topology.



Chapter 4

FE-algebraicity and
F-derivations

Derivations over a ring are used in the study of transcendental extensions
in field theory. The use of E-derivations over an E-ring (R, F) in the
study of E-transcendental extensions has been investigated by J.Kirby
n [28]. Recall that when K is an E-field, there is a closure operator on
K, ecl®, introduced by A.Macintyre (Definition [2.1.13).

In [66], A.Wilkie shows for K = C or K = R, using analysis techniques
and o-minimality, that ecl® is equal to another closure operator on K
defined by derivations, which implies that ecl’ is a pregeometry, that is
a closure operator with finite character satisfying the Steinitz exchange
property; that is, for any subsets C, B of K and a,b € K, we have the
following:

1. C Cecd®(C)

2. BC C = ecd®(B) Ced®(C)

3. ecl®(ecl®(C)) = ecl™(C)

4. ecl®(C) = U{ecl® (Cy)|Cy is afinite subset of O}

5. 7 Exchange” a € ecl®(C U {b}) \ ecl®(C) = b € ecl®(C U {a})

J.Kirby then proves that for any FE-field K of characteristic 0, the FE-
algebraic closure operator ecl is a pregeometry, with the important

69



70

consequence that there is a good notion of dimension associated to F-
algebraicity. His proof also works by showing that this pregeometry cor-
responds in fact to a pregeometry defined using derivations, therefore
generalizing the work of A.Wilkie; but to extend derivations on partial
E-field extensions, he uses techniques from algebra together with a re-
sult of J.Ax [3] (Fact and the technique of amalgamation of strong
extensions created by E.Hrushovski in [24].

Let (K, R, E) C (L, R', E') be an inclusion of partial E-fields. Let B C L,
let Der(L/B) denote the set of all derivations on L which vanish on B,
and EDer(L/B) the subset of Der(L/B) composed by E-derivations
(with respect to R'). Note that Der(L/B) and EDer(L/B) are L-vector
spaces.

Fact 4.0.1 [28, Propositions 4.7 and 7.1] Let a € L. Then a € ecl*(B)
iff for every D € EDer(L/B), Da = 0.

Definition 4.0.2 Let @ := a4, -- ,a, € L™ The ecl’-dimension of a
over K, ecl” —dim a, is the maximum cardinality of an ecl*-independent
subset of {ay, - ,a,} over K.

Suppose there is an E-derivation D on (K, R, F). In this chapter we
show how to extend it on (L, R, E') using the two characterizations of E-
algebraicity as well as other results of J.Kirby on strong extensions. On
our way we show links between ecl-dimension of some tuples of elements
and linear dimensions of associated spaces of E-derivations; we then use
these results in Chapter [6] when constructing points in E-varieties that
are ‘'maximally’ ecl-independent.

4.1 Linear dimension of spaces of
FE-derivations and ecl-dimension

Throughout this section, let (K, R, F) C (L, R, E) be an inclusion of
partial E-fields. Fact implies that:

Lemma 4.1.1 Let ay,--- ,a, € L be ecl*-independent over K. There
are Dy,---, D, in EDer(L/K) such that D;(a;) = 0;;; in other words,
there are n E-derivations of EDer(L/K) that are L-linear independent.
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Proof. Suppose that ai,--- ,a, are ecl’-independent over K. Then for
1<i<mn, a¢ecd”(KU{a, - ,a,}\ {a;}), hence by Fact [£.0.1] there
is D; € EDer(L/K(ay, -+ ,a;_1,a;41, - ,ay)) such that D;(a;) # 0 and
Di(x) = 0 for z € ecd®(K U {ay, -+ ,a,} \ {a;}). Consequently it is
possible to construct n E-derivations D; such that Dj is trivial on K and
Di(a;) = 0,5, by setting:

Let a1, ,a, € L be ecl*-independent over K. Let Ly := K(a, E(a))
and L; = ecl’(K(a)). Then K C Ly C L; C L as fields. The free
family Dq,---, D, of EDer(L/K) from Lemma , seen as a family
of EDer(Ly/K), also generates the latter as a Lg-vector space:

Lemma 4.1.2 Letay,--- ,a, € L be ecl*-independent over K; Dy,--- , D,
in EDer(L/K) such that D;(a;) = 6;;, and let D} := Dy, for 1 <i <n.
Then D',--- , D! generates EDer(Ly/K) as a Lo-vector space.

Proof. Let D € EDer(Ly/K), and for 1 < i < n, let a; := Da;. To
simplify notations, let us identify D; and Djr,. Then for 1 < j < n,

(D =Y abi)(e) =aj—a;=0. =

Corollary 4.1.3 Ifbe R C L, the linear dimension of
EDer(K(b,E(b))/K) over K(b, E(b)) is ecl” — dimg(b).

Proof. Let n := |b], and d := ecl* —dim(b). Suppose w.l.o.g. by, -, by
are ecl’-independent over K and set by := by,--- ,bg. Let D, Dy,--- , Dy
in EDeT(K(B,E(Z)))/K) such that for 1 < 4,5 < d, D;(b;) = d;j, Wthh
is possible by Lemma . and let «; := D(b;). Simple calculations
show that (D — 3¢ a; 1) € EDer(K(b, E(b))/K (by)), and thus for
d+1<k<mn, (D- Zle a;D;)(bx) = 0 by Fact because b, €
ecl*(K(by)) = ecl* (K (b)). m

Corollary 4.1.4 Let (K, R, E,V) be a topological partial E-field where
V is a definable topology.

Let L O Lyings U{E} and assume that (K, R, E,V) is a topological L-
partial-E-field.



72

For all d € N, there is a topological elementary L-extension (L, R', E, V')
of (K, R, E,V) that contains K U {ty, - tq}, where ty,--- ,tq are
eclK(t))((ta)) _independent over K, and fori=1,---,d, t; ~x 0.
Moreover for all1 < i <d, andV € V'(K), t; € V, where V'(K) satisfies
Comp(K).

Proof. By Fact[A.0.8] one can construct iteratively, starting from M, :=
(K, R, E,V) achain (M,)o<i<a, where M, is a topological «; -saturated
elementary L-extension of M;, for k; > |M;|. Let 0 < i < d. By Remark
, there is t;11 € M, such that for all V- € V1 (M;), t;y1 € V, that
is tiy1 ~v,. () 0 in L. Consequently, by Remark 3.3.1] #;4, is also in all
neighborhoods of 0 of K ((1))...((¢;)). By Corollar, to prove the re-
sult it suffices to construct d E-derivations of EDer(K ((t1))--- ((tq))/K)
that are linearly independent. Let 7,7 = 1,--- ,d. For commodity, let us
denote

K= K((t))--((t:) = Ki-a((t:))

Let us define D; by D;(t;) = 04, and Dy, , = 0.

R
For i > j, suppose Djk, , has been defined and let s; := > axtF €
K;_1((t;)), where a; € K;_;. We construct a derivation-that commutes
with infinite sums— by setting:

Dj(si) ==Y Diaxty) = > karD;(t)tf ™ + > Djax)ty
k k k

Consequently D;(s;) = 3 kagtv ™! for i = j and D;(s;) = 3. D;(ax)t¥ for
i > j. Therefore D; defines a derivation, as additivity and Leibniz rules
are satisfied: indeed, if 7; = Y7 bet* and v; = Y7(37,,;_, aib;)t", then by

construction,
Dj(vi) = Dj(si)ri + siD; (1)
Recall that there is an exponential defined by the series on K;_4[[t;]], the

valuation ring of K; for the canonical absolute value. To check that D,
defines an E-derivation on K; for i > j, let ¢, = Y apth € K, 1[[t:]].
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Dj(e?) = nD;(e)er . If i > j,

D;(E(e:)) = D; () m)

n>0

If i < j, Dj(e;) =0 hence

D;(E(e)) = D; (Z 5) = SiDi(e)e ! = 0= E(e)D;(<)

n!
n>0 n>0

Hence we have constructed d FE-derivations of EDer(K;/K) that are
linearly independent over K;. m

4.2 Extensions of E-derivations on
E-algebraic elements

We extend here a result of S. Lang on solutions of Hovanskii systems of
algebraic polynomials [37, Theorem 3 p.185]. Our generalization consists
in replacing algebraic polynomials by E-polynomials.

Proposition 4.2.1 Let (K, R, E) C (L, R, E) be partial E-fields, where
(K, R, E) is endowed with an E-derivation D. Let a € ecl’(K). Then
there is a unique E-derivation extending D on K (a, E(a)), where K(a, E(a))
is the field generated by K,a and E(a).

Proof. There exist n € N, ay,...,a, € L and hy, ..., h, € K[X] ®px
R[X]¥ such that a = a; and (ay,...,a,) is a solution to the Hovanskii
system Hpy given by H = (hy, -+, hy,):

hi(ay,...,a,) =0fori=1,...,n
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and
Ohy . O
0X1 00Xy
o (a1, a,) #0
Ohn . Ohn
0X1 90X,

Without loss of generality one can suppose there is 0 < p < n, a; € R’
iff # < p. Let us construct another Hovanskii system Hg, where G =
(gla e 7gn+p)7 by 1etting7 for i = ]-7 e, N, Z./ = 17 Y &

gi(X17 e 7Xn7Xn+17 T aXn-i-p) = hi(Xh Tt aXTL)
Gntir = Xy — E(Xy)

Let X = (X1, , Xntp). Then for ¢ = 1,---,n, ¢ = 1,--- ,p and

jzla ,m+p
dgi

e

(X) =

and,

agn iV <
7;%;(X3==5nﬂzj—*%Jﬁxk%)

Let m; : L™ — L be the projection on the ith coordinate. The Jacobian
matrix of G, JG, is now:

dhy dhy

o e 0 -+ - 0

Ohyy o Ohy, s

o Pin 0 -+ -+ 0

—-Fom 0 .- 0 1 0 --- 0

JG = ) )
0 : 0 ’

: . 0 R 0

0 - 0 —-Fom 0 --- 0 1

As 0 # det JHy,...q, = det JGal---anE(al)---E(ap)>
(a1, ,an, E(a1), -+, E(ap)) is a regular solution of the system G. By
Lemma [2.1.8] we have an E-derivation on E-polynomials, thus we can

write, fori =1,--- ,n+p,

Dgz< _ _|_ Z agz




I0)

And an FE-derivation on a; should satisfy

Dgi(a) = ¢7(@) + 3 52 (@) Day
i=1 v
Hence we obtain the linear system S with unknowns Y7, -+, Y, 4,
( n _
D i1 g?{i @Y, = —h{(a1, -, a,)
Yo Fe(a)y, = —hP(ar,--- an)
Yoqn — E(a)Y1 = 0
( Yorp — E(ap)Y, = 0
The determinant of which is different from 0 as a is a regular solu-
tion of G. Hence S admits a unique solution by,--- ,b,1,. Let us set
Day = by, -+ ,Da, = by, D(E(a1)) = bpy1,--- , D(E(ap)) = bpip;
then D is an E-derivation on aq,--- ,a,, and it is uniquely determined.

Now, in order to see that this is well defined, suppose that a is a coordi-
nate of two different tuples a and a’ solutions of two different Hovanskii
systems H and H’, giving rise to Da; and D’'a;. Then Da; — D'a; =
(D — D")ay, with D — D' =0 on K hence D — D' € EDer(K(aad')/K)
so as a; € ecl®(@@)(K) then (D — D")a; = 0 hence Da, = D'a,. m

Remark 4.2.2 o If a is a zero of an E-polynomial P(X), then if
92(a) # 0, we have a Hovanskii system. If 9%(a) = 0, then
PP(a) =0, and the equation DP(a) = 0 does not define Da.

e The field K(a, E(a)) is neither an E-field nor defines a partial E-
field in the sense of Definition[2.1.1]

Let b C L, d := ecl* — dimg(b). Suppose w.lo.g. by, -, by are
ecl*-independent over K. Proposition shows an E-derivation on
ecl*(K (b)) is uniquely determined by a given E-derivation on K (bg),
hence the free family D, --- , Dy of Corollary [1.1.3] seen as a family of
EDer(ecl* (K (b))/K), also generates the latter as a ecl®(K(b))-vector
space:
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Corollary 4.2.3 Let b C L, d := ecl® — dimg(b). Suppose w.l.o.g.
bi, - ,bg are ecl®-independent over K.

o Let Dy, -+, Dy in EDer(K (b, E(b))/K) such that for 1 <i,j <d,
D;(b;) = 0ij. Then Dy, -+, Dq generates EDer(ecl*(K(b))/K) as
a ecl* (K (b))-vector space.

e Ifb € R C L, the linear dimension of EDer(ecl*(K(b))/K)
over ecl*(K (b)) (resp. of EDer(K (b, E(b))/K) over K(b, E(b)))

is ecl” — dimg(b).

4.2.0.1 ecl is closed under D

Proof of Proposition already shows that if a € ecl®(K), then
Da € ecl*(K): indeed E-polynomials with coefficients in K evaluated at
a are in K[a]® and its field of fractions (K[a]?) C ecl*(K(a)) = ecl*(K)
as a € ecl’(K). Nevertheless, in this section, we show it again by simulta-
neous use of the two definitions of E-algebraicity proved to be equivalent
by J.Kirby. Consequently this section is not necessary to the following
chapters and can be skipped by the reader.

Suppose there is an E-derivation on L such that
(K,R,E,D)C (L,R',E,D)

is a differential partial E-fields extension. We first want to show that
if a € ecl’(K), then Da € ecl*(K); hence (ecl(K), D) is a differential
field.

We have a € ecl!(K) iff a = a; and @ = (al,-_-- ,a,) € L is a solu-
tion of a Hovanskii system H = (hy(X), -+, h,(X)) over K iff for every
d € EDer(L/K), da = 0. (note that we in fact have da; = 0 for all
i=1,---,n.)

Lemma 4.2.4 Let a € ecl*(K), d € EDer(L/K) and
P(X) € K[X] ®px RIX]", |[X| =n. Then

inpP@) =S 2L G).apa;

~ 9X,
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Proof. By Lemma [2.1.8]

" 0P -
X).DX,
18Xi() '

DP(X)=P"(X)+

1=

As Dk is a ring morphism, the coefficients of PP(X) are in K hence
(PP)Y(X) = 0. Similarly, for each i, 22 (X) has coefficients in K, hence

p e
(a—P) (X) =0, thus

0X;

_ . " OP
dDP(X) =) -~ (X)dX; + > >y (X).dDX;
(2 i=1 (2

+ZZ o°p -(X).DX,dX;

As da; = 0, we finally get:

dDP(a) =) g; (a).dDa;
i=1

i
|

Proposition 4.2.5 Let a € ecl*(K). Then Da € ecl*(K).

Proof. There exist n € N, ay,...,a, € L and hy, ..., h, € K[X] ®pgx]
R[X]¥ such that a = a; and (ay,...,a,) is a solution to the Hovanskii
system H given by the h;’s:

hi(ay,...,a,) =0fori=1,...,n

and

Oh1 L. Ohy
0X1 0Xn
: . (alu"'aaTL)?éO
Ohn ... Ohn
0X1 0Xn

Furthermore if d € EDer(L/K) then da; = 0. Let a = (a1,--- ,a,). By
Lemma |4.2.4] for each i =1,--- | n,

— Oh;
= X

0 =dDh;(a) = (a).dDa;
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We thus get a linear system in the dDa;’s, namely:

S0, %4(@).dDa; = 0

Soi Sk (a).dDa; = 0

i=1 8X;
the determinant of which is different from 0, as a is a solution of H.

Finally we get that foralli = 1,--- ,n, foralld € EDer(L/K), dDa; =0,
hence Da; € ecl*(K). m

4.3 Strong extensions

Recall that the transcendence degree td of a field extension L/K, or
dimension of L over K as fields, is the greatest cardinality of an alge-

braically independent subset of L over K. Such a subset is called a
transcendence base of L over K. If a C L, let td(a/K) := td(K(a)/K).
If B,z C L, ldimg(Z/B) is the linear dimension of the quotient

(B, :E>Q
(B)g

where (B, T), is the Q-vector space generated by BUZ and (B),, is the
Q-vector space generated by B.

Recall that Schanuels’s conjecture for C states that if \y,..., A\, € C are
linearly independent over @, then Q(A1,..., A\, e, ..., e*) has tran-
scendence degree at least n over Q.

Schanuel’s conjecture allows to avoid hidden exponential-algebraic re-
lations. When z is algebraic (over Q), Schanuel’s conjecture is the Lin-
demann Weierstrass Theorem, stating that:

td(e*/Q) > ldimg(T)

where td(e®/Q) is the transcendence degree of the field extension Q(e*)/Q.
When 7 is ecl®-independent over Q, the following theorem can be used:

Fact 4.3.1 [3, Th.3| Let F be a field of characteristic 0, let A be a set of
derivations on I and let C = (ycp kerd be the field of constants. Sup-
POSE T, s Tny Y1, Yo € F satisfy Oy; = y;0x; for each i =1,--- . n
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and each 0 € A. Then
td(zy/C) > ldimg(z/C) + rk(0z;)sen iz1, n
where rk(.) is the rank of the matrix.

Fact together with Lindemann Weierstrass’ Theorem, reduces Scha-
nuel’s conjecture to elements in ecl®(Q) that are not algebraic over Q.
Indeed, let A := EDer(C/Q). Then the field of constants is C' = ecl®(Q)
and by Fact of J.Kirby and Lemma @, rk(0x;)sen i=1,... n = n if
z C C\ C is such that z,--- ,, are ecl*-independent over C. In that
case, td(z,e”) > td(z,e” /C) > 2n.

Now let (K, A(K), E) be a partial E-field in the sense of Definition [2.1.3}-
in particular A(K) is considered as a Q-vector space and not especially
as endowed with a ring structure—. If C' C K, set E(C) := E(CNA(K)).
The above proof for complex numbers is actually an instance of the proof
of the following fact:

Fact 4.3.2 [28, Corollary 5.2] Suppose C C K is such that ecl™ (C') = C,
and let a :== ay,--- ,a, € K. Then

td(a, B(a)/C, B(C)) — ldimg(a/C) > ecl™ — dimca

Corollary 4.3.3 Let (K,R,FE) C (L,R',E) be an extension of partial
E-fields, and let @ == a1, --- ,a, € L ecl*-independent over K. Then

td(a, E(a)/ecl*(K)) > 2n

In [24], E.Hrushovski has introduced a notion of predimension, while
creating the technique of ’amalgamation of strong extensions’:
Let # C R and B C R. The predimension of T over B is:

§(z/B) := td(z, E(z)/B, B(B)) — ldimg(z/B)

In the context of partial F-domains (as in Definition , J.Kirby has
defined a notion of strong extensions:

Definition 4.3.4 [28, Definition 5.3 p.8] An embedding (R, A(Ry), E) C
(R, A(Ry), E) of partial E-domains is said to be strong iff for every tuple
T from A(R3), we have 6(z/A(Ry)) > 0.
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As we want to use his results to extend E-derivations, but as our defi-
nition of partial E-fields is different (Definition [2.1.1]), we state an inter-
mediate definition that we will use only in this section:

Definition 4.3.5 A partial E-Domain is a two-sorted structure
(K,R;+k, .k, +r,a, ER)

where (K, 4+, .x) is an integral domain, namely a commutative ring with
no non-zero zero divisors, (R, +g) is a subgroup of (K, +),

(67 <R, +R> — <K, +K>
is an injective homomorphism of additive groups and
Er:(R,+gr) — (K \ {0}, .x)

is a group morphism. R is identified with its image under «, . is written
. and +p and +x are both written +.

We will denote partial F-Domains (K, R; +k, .k, +r,, @, Er) by
(K, A(K), E)

where by A(K) we mean the domain of definition of Eg; we will call
them ’'partial E-Domains’ with a 'D’ instead of the ’d’ of J.Kirby’s par-
tial E-domains.

We will consider extensions of partial £-Domains
<R1a A(R1)7 E> C <R27 A(R2)> E>

for which A(R;) is a pure subgroup of A(R;), namely for which, for all
n € 7,

(whenever an element of A(R;) has an n'" root in A(R), it also has one
in A(Ry))

instead of asking for A(R;) and A(R3) to be both endowed with a Q-
vector space structure, and adapt J.Kirby’s results to that setting [52].
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Definition 4.3.6 Let (K, A(K), E) be a partial E-domain (resp. a
partial E-Domain) such that K is a field. The field K is said to be

exponential-graph-generated iff K is generated as a field by A(K) U
E(A(K)).

Remark 4.3.7 Let (K, R, E) be a partial E-field-this time in the sense
of Definition[2.1.1-such that K is the field of fractions of R. Let A(K) be

the additive underlying group of R, then K s exponential-graph-generated
as a field by A(K)U E(A(K)).

Let us recall some results of J.Kirby.

Fact 4.3.8 [28, Lemma 5.5| For ordinals «, let R, be partial E-domains.
Then the following conditions hold:

1. The identity Ry — Ry s strong.
2. The composite of strong extensions is strong.

3. Suppose X is an ordinal, (Ry)a<x 1S a A-chain of strong extensions
(that is, for each a < B < X there is a strong extension fo 5 of R,
into Rg and for all o < 8 <y, we have fg 0 fap = fary and foa
is the identity on R, ), and R is the union of the chain. Then the
embedding R, C R is strong for each c.

4. Suppose (Ry)a<x 1S a A-chain of strong extensions with union R,
and the embedding R, C S is strong for each o. Then the embed-
ding R C S is strong.

Fact 4.3.9 [28, Proposition 5.6] Let (Fy, A(Fy), E) C (F, A(F'), E) be a
strong embedding of partial E-domains, suppose Fy and F' are fields and
exponential-graph-generated. Then for some ordinal \ there is a chain
(Fa)a<a of partial E-domains such that , for all ordinals 0 < a < f < A,
the following conditions hold:

1. F=F,,
2. F, 1is exponential-graph-generated,
3. for an ordinal limit B, Fz = Uy<ply,

4. td(Fpi1/Fp) is finite,
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5. the embedding I, C Fp 1is strong.

Proof. We write J.Kirby’s proof for completeness. Let A be the smallest
ordinal of cardinality |A(F)|, and enumerate A(F) as (rq)a<r. Let us
construct by induction Fj satisfying 1-5 and such that rg € Fjyq and the
embedding Fjg C F' is strong.

For ordinal limit 3, let A(Fp) := J,.5 A(Fa). Let Fj be the partial
E-subfield of F' generated by A(Fj), in order that 2 and 3 hold. Item 5
holds by Item 3 of Fact £.3.§] and the embedding F C F' is strong by
Item 4 of Fact [£.3.8

Given 8 < A, if rg € A(Fp), let Fzyy = Fz. Otherwise, by induction
the embedding Fjs C F is strong hence for any finite tuple z from A(F'),
we have §(z/Fs) > 0. Choose a tuple Z containing rg and such that
6(z/Fp) is minimal. Let A(Fpy1) = (A(Fp), 7)o a Q-subspace of A(F),
and let Fizi; be the partial E-subfield of F' generated by A(Fjstq1). By
the minimality of 6(Z/Fj), the embedding Fz.; C F is strong. For any
a < 3, because the embedding F, C F' is strong, one obtains that the
embedding F,, C Fj; is strong. Furthermore td(Fps41/F3) < 2|z|, which
is finite, hence Item 4 holds. Eventually, |J,_, A(F.) = A(F) and then
F= F)\. |

Fact 4.3.10 [52] Let (Fy, A(Fp), E) C (F, A(F), E) be a strong embed-
ding of partial E-Domains, suppose Fy and F' are fields and exponential-
graph-generated. Then for some ordinal \ there is a chain (Fy)a<n of
partial E-Domains such that , for all ordinals 0 < a < < A, the
following conditions hold:

1. F=Fy,

2. F, is exponential-graph-generated,

3. for an ordinal limit B, Fz = Ua<ply,
4. td(Fpi1/Fp) is finite,

5. the embedding I, C Fp is strong.

Proof. To extend Fact to the setting of partial E-Domains, one
needs in the proof to assume by induction that A(Fjp) is a pure subgroup
of A(F'). Then one sets A(Fp41) to be the divisible hull in A(F') of the
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subgroup generated by A(Fj3) and &, where rg belongs to & and §(z/F})
is minimal. m

Let Fy C F be an extension of fields, 0 € Der(Fy), and

O(F) = (db: b e F)

I:= <Z a;db;|a;, b; € Fy, Zaiﬁbi = 0>

Then [ is a sub-F-module of Q(F), let Q(F/0) denote the quotient
Q(F)/I. We naturally have a quotient map :

Q(F) — Q(F/0)

Now let J := (dblb € Fy) C Q(F/9). J is a sub-F-module of Q(F/9),
and the quotient Q(F/0)/J is isomorphic to Q(F/Fp), the quotient of
Q(F) by the relations relations dc = 0 for each ¢ € Fy. We naturally
have the two quotient maps :

Q(F) - Q(F/0) — Q(F/Fy)
Let Der(F/0) :={n € Der(F)|(3X € F)nip, = \0}.

Fact 4.3.11 [28, Lemma 6.2] Der(F/0) is the dual space of Q(F/0),
that is the set of linear maps f from Q(F/0) to F.

Fact 4.3.12 [28, Theorem 6.3] Let (Fy, A(Fo), E) C (F,A(F),E) be a
strong embedding of partial E-domains, suppose Fy and F' are fields and
exponential-graph-generated. Then every E-derivation on Fy extends to

F.

Proof. We write J.Kirby’s proof for completeness, and we detail some
parts. Let F’ be the partial E-subfield of F' generated by the graph
of exponentiation of F, that is F' := (A(F)Uexp(A(F))). Then ev-
ery F-derivation on F’ extends to F, as only the field operations must
be respected and the characteristic is zero. Consequently we assume
F = F'. By Fact [4.3.9] it is enough to prove the theorem for strong em-
beddings of exponential-graph-generated partial E-fields F; C F, such
that td(F,/Fy) is finite. Let O be an E-derivation on F, and let

EDer(Fy/0) := Der(F,/0) N EDer(F,)
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The embedding F; C F; is strong hence td(Fy/Fy) > ldimg(A(F2)/A(FY)),
thus as td(Fy/F) is finite, so is ldimg(A(F2)/A(F1)). It is then possible
to consider a Q-basis aq, ..., a, for A(F,) over A(F}). Then let

w; = de [e" — da; € Q(Fy)

Now let A be the Fy-subspace of Q(Fy) generated by wy, ..., w,. Recall
that by the universal property, for each derivation 9 € Der(Fy), there is
a unique Fy-linear map 0% : Q(Fy) — Fy, da — Oa such that the following
diagram commutes:

d
FQ —_— Q(FQ)

X
Ey

Moreover by Fact [4.3.11} the space of derivations Der(F,) is the dual
space of Q(F3), hence we can consider the annihilator of A in it:
Ann(A) = {0 : QFy) = BV € A= (wi,...,Wn)p,, 0" f =0}
= {0 € Der(F,)|Vf € A,0"f =0}
Note that by definition of A, we have EDer(Fy/Fy) = Der(Fy/F;) N
Ann(A) and EDer(Fy/0) = Der(Fy/0) N Ann(A).
Indeed, let 0 € Der(Fy/Fy) N Ann(A). Then for each i =1,... n,
de®
et
Oe®

G
that is 0 € EDer(Fy/Fy). The converse is clear as the relations of E-
derivations are verified in EDer(Fy/F;) and the proof for EDer(F,/0)

is similar.

a*

o ( — da;) = 0 meaning that

— Ja;) = 0 as 0" is Fy-linear

We now want to get information about the dimension of EDer(Fy/F})
(resp. of EDer(F,/0)) relatively to Der(Fy/Fy) (resp. to Der(Fy/0)),
through the codimension of Ann(A) in them.

For this, first let w; be the image of w; under the natural quotient map
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Fact 4.3.13 [28, Fact 6.4] If the differentials @y, ...,w, are Fy-linearly
dependant in Q(Fy/Fy), then there is a non-zero Z-linear combination
b= Z?’:l m;a; such that b and e’ are both algebraic over Fy. (Fy, Fy
exponential-graph-generated fields and Q(F;/F7), as a module over the
field F3, is an Fy-vector space).

For a proof of the claim, see an intermediate step in the proof of Ax’s
theorem, or [29, Proposition 3.7], where the group S is G,,.

By Fact 4.3.13] if the w; are Fy-linearly dependant, then, for some such
b, we have :

§(b/Fy) = td(b, e®JA(FY) U exp(A(F)))) — ldimg(b/A(FY))
= td(b, e’/ F}) — ldimg(b/A(F))
=0-1<0

This contradicts the fact that the embedding F; C F; is strong, hence
the w; are Fy-linearly independant in Q(Fy/Fy).

We have thus seen that the image of the subspace A has dimension n in
Q(Fy/F1), consequently it has also dimension n in the intermediate space
Q(F2/0).

The subspaces Der(Fy/Fy) and Der(Fy/0) of Der(F,) are dual to the
quotients Q(Fy/Fy) and Q(F,/0) of Q(F,), hence Ann(A) has codimen-
sion n in Der(Fy/F)) and also in Der(F,/0) (Indeed, recall that for
vector spaces V., W, there is an isomorphism between the dual of the
quotient W/V and Ann(V) (hence the codimension of Ann(V) in W is
the dimension of V)).

We are now ready to use the information about the dimension of
EDer(Fy/Fy) (resp. of EDer(F,/0)) relatively to Der(Fy/Fy) (resp. to
Der(Fy/0)), through the codimension of Ann(A) in them: if d = 0, then
the result is trivial. Otherwise,

dim Der(Fy/0) = dim Der(Fy/Fy) + 1
Hence, because of the previous paragraph,
dim EDer(Fy/0) = dim EDer(Fy/Fy) + 1

Thus there is n € EDer(Fy/0)\ EDer(Fy/Fy). Then np = A0 for some
non-zero \. Let 7 = A\7'n. Then 1’ extends 0 to F,. m
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Note that J.Kirby’s proof uses Fact of J.Ax.

Fact 4.3.14 [52] Let (Fy, A(Fy), E) C (F, A(F), E) be a strong embed-
ding of partial E-Domains, suppose Fy and F' are fields and exponential-
graph-generated. Then every E-deriwvation on Fy extends to F.

Proof. To extend Fact to the setting of partial E-Domains, one
needs to assume that A(Fp) is pure in A(F'). Then in the proof, instead
of choosing a Q-linear base ay, - - ,a, of A(Fy) over A(F}), one chooses
ar, -+ ,a, € A(Fz) \ A(F) maximal Z-independent over A(F}) and gen-
erating A(Fy) over A(F}) in the following way:

for any b € A(F,), there are z1,--+ , 2, € Z, u € A(F;) and k € N\ {0}
such that

kb= Z 2;a; + U

i=1
Note that if 1" | zia; € (A(F1))q, then Y 7, zia; € A(Fy):
indeed if 377 | zia; € (A(F1))q, then for some k € N\ {0}, k>0, zia; €
A(Fy). Hence, because A(F}) is pure in A(Fy) and Y | za; € A(Fy),
one obtains that Y | z;a; € A(F}).
Consequently in the intermediate claim of the proof [28, Fact 6.4], b ¢
(A(F1))q, hence ldimg(b/A(F1)) = 1 thus 6(b/F1) < 0. =

We are now ready to deal with extensions of partial E-fields (K, R, E) C
(L, R, E), where (K, R, E), (L, R', E) are as defined in Definition [2.1.1]

Fact 4.3.15 [52] Let (K, R, E) C (L, R, E) be an extension of partial E-
fields, such that there is an E-derivation D on ecl*(K). Then D extends
to an E-derwation D* on L.

Proof. Let us consider the partial E-Domain (L, A(L), E), where A(L)
is the additive underlying group of R’. Let F} be the subfield generated
by (A(L) Necl*(K)) U E(A(L) Necl*(K)). Note that Fy C ecl*(K) is
a partial FE-subfield of L. We will show that the embedding of partial
E-Domains

<F17 A(Fl)v E> C <L7 A(L)u E)
is strong, so that we can apply Fact 4.3.14
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Let a € A(L). By Fact (equivalently by Fact and Corollary
1713),

td(a, E(a)/ecl"(K) > ecl™ — dimqrx)(@) + ldimg(a/ecl™(K))
Then note that:
ecl” — dimeg (i) (@) = ecl” — dimy(a) = ecl” — dimp, (a)
Furthermore, td(a, E(a)/A(Fy) U E(A(F,))) > td(a, E(a)/ecd*(K)).

Then suppose we have a Q-linear combination u of elements of a belong-
ing to ecl”(K). There is n € N\ {0}, nu € A(L). Hence nu € A(L) N
ecl’(K) and so nu € FiNA(L) = A(Fy). Therefore, ldimg(a/ecl”(K)) =
ldimg(a/A(F1)), hence eventually §(a/Fy) > 0. m

Corollary 4.3.16 Let (K, R, FE) C (L, R', E) an extension of partial E-
fields, such that there is an E-derivation D on K. Then D extends to
an E-derivation D* on L.

Proof. By Proposition |4.2.1) D extends as an E-derivation on Ky :=
ecl*(K). Then by Fact [4.3.15] it extends to L. m
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Chapter 5

Nullstellensatze

This chapter is a joint work with Frangoise Point [53] and is independent
from the Preliminaries Chapter. We show here a version of Strong and
Weak Nullstellensétze for partial E-fields (K, R, E'). In this setting, we
deal with the fact that the E-ring R[X]F is not a Hilbert-or Jacobson-—
ring, that is any prime ideal is not an intersection of maximal ideals.
Furthermore the notion of ecl-closure involves tuples of elements, which
is not the case of algebraic closure. In the algebraic versions of the
Nullstellensatze, these two properties are involved: for a field K and
M C K[X] a maximal ideal, the field K[X]/M is algebraic over K.
By induction on n € N\ {0}, for M C K[Xy, -, X,] a maximal ideal,
K[Xy, -, X,]/M is algebraic over K (x).
From this, and given K algebraically closed the ”Strong Nullstellensatz”
follows:

there is a 1-1 correspondance between points in the n-dimensional

affine space over K and maximal ideals of K[X], given by
D : (a17"' aa'n) = (Xl_ala"' 7Xn_an)

thus if I C K[X] and Q € K[X] vanishes on V(I), then Q(X) is in every
maximal ideal that contains /.

Hence as K[X] is a Hilbert ring, Q@ € /I, the radical of I, which is

the set of polynomials P € K[X] such that there exists n € N\ {0} with
P™ e I, and it is the intersection of prime ideals containing 1.

Fact 5.0.1 e Weak Nullstellensatz If I is proper then V(I) # ()

89
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e Strong Nullstellensatz VI = /I

Furthermore, recall that K needs to be algebraically closed: indeed
M = (X? +1) C R[X] is maximal as R[X]/M = C is a field but X%+ 1
has no root in R.

Now let (K, R, ) be a partial E-field such that K is algebraically closed,
Py, P, € RX|E I:=(P, - ,P,) C RX]” the ideal generated by
P, P, and V(I) C K"

e Does V(I) # (0 iff T is proper?
e Does G € IVI imply G € VI?

The first question is not true in general. Let C; be the subset of C[Z]¥
with maximum one iteration of E. Let

F(Z):=E(Z)—ce(Cy, and G(Z):=E(iZ)—1

where ¢ is not a power of €™, and let I := (F(Z),G(Z)) C C;. P.
D’Aquino, G. Terzo, A. Fornasiero, and A. Macintyre show that

h=V(I)CC but I+#0C,

(Indeed let (C, E) 2 (C, E) be an E-field extension and let a € Vi (1),
the set of zeros of I that belong to C'. Suppose towards a contradiction
that the kernel of F in C, kerc(E), is not bigger than the kernel of E in
C, kerc(E):

kero(E) = kerc(E)

Then as E(ia) = 1, ia € kero(F) = kere(E), hence a € 21Z; E(21z) = ¢
for some z € Z; E(m)** = ¢, which contradicts the fact that ¢ is not a
power of e7.)

Here we first show a version of (x):

Proposition 5.0.2 Let (F,E) be an E-field, and let M C F[X]¥ an
tdeal. Suppose that M is both an E-ideal and a mazimal ideal, and let
(L, E) be an E-field extension of (F, E) containing the E-field
(FIX]¥/M,E).

Then F[X]¥/M C ecl*(F).
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Proof. Let u = X + M € F[X]P/M. We have P(u) = 0, hence by
Corollary [2.1.21} u € ecl*(F). m

Proposition [5.0.2| raises the questions:
e If [ is maximal as an F-ideal, is it maximal as an ideal?
e If [ is maximal as an ideal, is it an F-ideal?

e [s it possible to construct an ideal that is both an E-ideal and a
maximal ideal?

Let (R, E) be an E-ring and let I € R[X]” be a proper ideal. For I to
be embeddable in an E-ideal J C R[X]¥, I must satisfy, as a set:

U Z£Ee-1nwu+1=90
E(If):—jlgél

where U is the set of invertible elements of R[X]¥. But this is not pos-
sible if I is a maximal ideal, unless [ is already an FE-ideal.

Then let n € N, and let R, be the ring of E-polynomials with coeffi-
cients in R and maximum n iterations of E the construction of which
has been recalled in Subsection 2.1.2 Let I, C R, be a proper ideal
of R,. For I, to be embeddable in an ideal J,; of R, that contains
E(1I,) — 1, I, must satisfy:

U {L(EP)—1D}N (Upsr + LnRyyr) =0
Pel,
E(P)—1¢1I,,.Ryn 41
L¢In.Rpi1

where U, is the set of invertible elements of R,,.1, and [,,.R, 1 is the
ideal generated by I,, in R, ;. Suppose I,,.R, 1 U (E(I,) — 1) is proper,
and let

Jpi1 2 LRy U (E(L,) — 1)

Then J,11 N R, 2 I,, thus if I, is maximal, J,,1 N R,, equals either I, or
R, 1. But if J,,; is proper, it cannot contain R, thus the intersection
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with R, equals I,,. Hence it satisfies

U {LEP) =D} (Unsr + Jua) = 0
PeJn+1NRy
E(P)71¢Jn+1
L¢Jni1

Consequently we would like to construct a sequence (I, C R,,), of max-
imal ideals that are 'semi E-ideals’

Pel, .= EP)—1€el, (fn)
LiNR, =11 (ftn)

Note that for n € N, if [, is a proper ideal of R, then I,, " R_; = {0},
as U, O R_y = R by Fact[2.1.4]

Example 5.0.3 Let I C R, be an ideal and suppose there is an extension
(R,E) of (R, E) and a tuple a C R’ such that a € V/(I). Then let

I :={P € R,: Pa)=0}

By definition I; is a prime ideal containing I and such that for all Q) €
R, 1N 1, then E(Q)—1€ I;.

Example 5.0.4 Let K be a field, and consider (X), the ideal generated
by X in K[X]. It is a maximal ideal. Let K, be the group ring

(K[X]) [exp (X K[X])]

and J the ideal generated in Ky by X and E(XK[X]) — 1. Let us show
that J is a mazximal ideal of Ky: let P € Ky \ J, we show that P+ J is

mvertible:
!

P =Y Pi(X)exp(X"K;(X))

i=1

where P;, K; € K[X] and k; € N. Because P ¢ J,

l
P# Y X"Qi() + B(X)(exp(XMIG(X)) 1)
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where Q;, Py, K; € K[X], and n;, k; € N are such that 22:1 X"Qi(x) #
0.

where X P/(X) + a; = —Py(X), and where ' a; € K\ {0} as P ¢ .J.
Hence ' a; =k € K\ {0} and P + J is invertible.
The ideal J thus satisfies (t1) and (t11).

We will show:

Proposition 5.0.5 Let P,--- ,P,,Q € R,, n € N and
I:=(P, - ,P,) CR,

be such that P€ INR,_1 = E(P)—1¢€ 1.

e "Weak Nullstellensatz” Py,--- , P,, have a common zero in an
E-field extending (R, E) iff the ideal I is proper.

e ”Strong Nullstellensatz” Assume the ideal I is proper and @)
vanishes at each common zero of I in any partial exponential field
containing (R, E). Then Q € V1.

5.1 Hilbert rings and rings of E-polynomials
As written above in the introduction, a Hilbert—or Jacobson-ring is a

ring in which every prime ideal is an intersection of maximal ideals. A
ring R is Hilbert [31, Theorem 1] iff R[X] is Hilbert iff for every maximal
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ideal M of R[X], M N R is a maximal ideal of R iff for any ideal I of R,
VI = J(I), where

VI :={ueR:u" eI forsomen € w}

and J(I) is the Jacobson radical of I, namely the intersection of all
maximal ideals of R containing I.

JI)={ue R:V23y(l+uz)y—1€l}

As seen in the introduction, because v/I = J(I) in a Hilbert ring, Hilbert
Nullstellensatz holds.

The Rabinowitsch Spectrum of R can also be defined: Spec(R) is the
set of prime ideals of R of the form RN M, where M is a maximal ideal
of R[Y]. Then ([27, Proposition 1.11]) for an ideal I C R, where R is a

Hilbert ring:
Vi= (] P
PeSpec(R),ICP

Let G be an abelian group. Recall that a subset {g,} C G is linearly
independent if for any finite sum of elements of {g,} with coefficients
N € 7,

Znﬁgﬁ:OjVB,nﬁzo

and that the torsion-free rank of GG is the cardinality of a maximal linearly
independent subset of G, equivalently the dimension of the Q-vector
space G ® Q.

Example 5.1.1 Let (R, E) be an E-ring, n € N\{0}, X := X3, -+, X,
Ry = R[X], Ay = XR[X], Gy = exp(Ay) and R, = Ry|Gy], as seen in
the construction of R[X|¥ in Subsection. Then the torsion-free rank

Let us say that a domain R has field rank « (denoted by fr(R) = «)
if its field of fractions F'rac(R) has a set of generators of cardinality «
as a R-algebra and has no generating set of smaller cardinality (equiva-
lently the field rank of R is the smallest cardinality of a set S C R\ {0}
such that the localization of R by S is a field). Note that R is a field iff
fr(R) =0.
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One can show [31, Theorem 2] that if F' is a field and G a group of
torsion-free rank o > w, then the group ring F[G]| is a Hilbert ring iff
|F'| > . Recall that a ring is said to be prime if the zero ideal {0} is a
prime ideal. When F' is not especially a field, we have the following:

Fact 5.1.2 [31, Theorem 4] Let G be a torsion free abelian group, of
torsion-free rank «, and let R be a ring. Then the group ring R|G] is a
Hilbert ring iff the following conditions are satisfied:

1. All homomorphic images of R have cardinality strictly exceeding c.

2. For any prime homomorphic image A of R such that fr(A) < «
and for any ring B such that A C B C Frac(A), where Frac(A)
is the field of fractions of A, then fr(B) # 1.

Facts together with Example |5.1.1| show that neither

R[X]¥ = R[X]exp(A¢®- - -®A,®- )] nor R, = R[X][exp(Ao®- - DA, _1)]

are Hilbert rings.

5.2 Group rings and augmentation ideals

Let Sy be a ring of characteristic 0, G a torsion free abelian group and
consider the group ring Sy := Sy[G].

Let gZ5ZSl —>SO,Zirigiv—>Zin- (g, S G,T’i S So)

The kernel of ¢ is called the augmentation ideal of Sy. It is generated by
elements of the form g—1, g € G. (write Y, rig; as Y. ri(gi—1)+>_, 1)

Then let I C Sy an ideal and let ¢; = m o ¢ be the composition of ¢
with the quotient map 7 : Sy — Sp/I.

Denote by I; the kernel of ¢;.
Lemma 5.2.1 o The kernel Iy of ¢r is an ideal of S containing I.
L] Il N SO =1
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o [ prime = I, prime
o [ maximal = I; maximal
Proof.

e Let h € Sy and f € I, then f.h € I1: indeed, ¢(f.h) = 6(f).d(h).
As f € I, ¢(f) € I ideal, hence ¢(f).¢(h) € I. Consequently
or(f.h) =0, that is f.h € I;.

e Let r € Sy such that ¢;(r) = 0. Then ¢(r) =r+1 =1 hencer € 1.

o Let f.h € I;. Then ¢(f).¢(h) € I, therefore one of them belongs
to I, as [ is prime, hence ¢;(f) =0 or ¢;(h) = 0.

e If ] maximal, then Sy/I is a field. Let us show that S;/1; is a field:

— Consider f =" rg; € 51\ .

— Since f ¢ I, ¢(f) + I is invertible in Sy/I hence there is
seSost. O+ 1).(s+1)=1+1.

(A L)+ h) = Qnle =)+ 2+ h)(s+ L) =
(Zﬂ"i +Il).(8+]1) =141

n
Some similar problems have been investigated by K.Manders [43].

Let n € N and I, C R, a proper ideal. Suppose we want to embed
I,, in a proper ideal I,,;1 of R,41 = R,[exp(A,)] using the ”augmenta-
tion ideal tool” so that I,.1 2 E(I,)—1. As I,, C R,,_1 & A, we assume
the following:

Pel,NR, 1= EP)—-1€1,

and then "separate” [, in two parts in order to construct I, such that
Iy 2 E(1,) — 1.

As a divisible abelian group of the abelian group I,, I, N R, 1 has a
direct summand I, in I,. First note that the projection of I, on A, is
injective:

let u,v € I,,, and write u = ug 4+ u1, v = vy + v1, with ug, vy € R,_1 and
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uy,v1 € A,. Suppose u; = vy, then u—v = ug—vg € Rp_1NI,N1I, = {0},
consequently u = v. ) 3
Let A,, be a direct summand of the projection I,,;4, of I,, in A,.

Lemma 5.2.2 Let u € R,[exp(A4,)]. Then u can be rewritten in a

UNIQUE Way as
l
i=1

where r; € R, uiefn@fln, and for 1 <i,5 <1, 1 # j = w; # u;.

Proof. Let u = Y\, 7:.E(a;) € Rylexp(A,)], where ; € R, and a; €
A,. Write a; as

Qo + a;1 € fn[An ©® An
Recall that fn CIlL,CR,=R, 1P A,. Because the projection of I~n on
A, is injective as seen above, there is a unique f; € fn such that a;g is
the projection of f;, that is there is f;y € R,_1 such that f; = fio + aso.
Then we have

E(fl) = E(flo)E(alo) and E(Gz) = E(aw).E(CLil) = E(—fl())E(fl)E(azl)
where E(—fi) € E(Rn_1) C Ry, if E(—fi) # 1, E(f;) € I, E(a;) € A,.
Conversely, let u = Zizl ri.E(u;) € Rn[E(fn ® A, |, where r; € R,
and u; € I, ® A, C R,_1 ® A,,. Then, E(u;) = E(uy). exp(a;) for some
a; € A, and u;p € R,—;. Hence u belongs to R,[exp(A4,)].

The expression is unique by injectivity of the projection of I, on Ay
if f # g € I, their respective projections in A,, are different. m

Lemma 5.2.3 Let I,, C R,, be a proper ideal such that P € I, "NR,,_1 =
E(P)—1 € I,. Let ¢, be the composition of the projection map 7 :
R, — R,/I, with the augmentation map Rn[E(fn &) fln)] — R,,. Then
ker ¢y, O E(I,) — 1.

Proof. Let f € I,,; write f as fo + f1, with fo € I, N[, 1 and f; € I,
Then

E(f)—1=(E(f1) —1).E(fo) + (E(fo) — 1)

By hypothesis, E(fy) — 1 € I,,, and by Lemma , I, C ker ¢y,. Fur-

thermore, E(f;) — 1 is in the kernel of the augmentation map, hence in
ker ¢; . So finally E(f) —1 € ker¢; . m
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Lemma 5.2.4 Let n € N, I, C R, be a proper (resp. prime, mazximal)
ideal with the property (1,). Then I, embeds in a proper (resp. prime,
maximal) ideal 1,1 of R,.1 with properties (tni1) and (1Tny1)-

Proof. By Lemmas and [5.2.3] setting [,,1; :==ker¢; . m

Proposition 5.2.5 Let ng € N and M C R,,, be a proper (resp. prime,
mazimal) ideal with property (t,,). Then it embeds into an E-ideal ME C
R[X]E which is a proper (resp. maximal) ideal.

Proof. Let My := M. Lemma allows to construct a proper (resp.
prime, maximal) ideal M; of R, 41 containing F(My) — 1 and satisfying
(ttnes1), therefore we can reiterate the construction. Then let M¥ :=
U,, M. It is an E-ideal by construction, and it is proper because for
alli € N, ME N R,,1; = M;. It is prime by construction if M is prime.
Suppose towards a contradiction that M is maximal but M¥ is not. Then
it would be properly contained in a proper ideal N of R[X]¥, hence for
some ¢ > 0 we would have M; C N N R,,+;, a contradiction by Lemma

24 m

5.3 Rabinowitsch’s trick

Recall that Rabinowitsch’s trick corresponds to the introduction of an ex-
tra variable, in order to prove the algebraic strong Nullstellensatz from

the weak one by considering, given P (X),--- , P,,(X) and another Q(X)
vanishing on all their common zeroes, the introduction of a new variable
Y and

Py, P, 1—Y.QQ which do not have any common zeroes.
Then one expresses by an equality that 1 belongs to (P, -+, P, 1 — Y.Q),
the ideal generated by P;,---, P, and 1 — Y.(Q. After that, one substi-
tutes Y by Q7! in the equality, and clears denominators.

To mimick Rabinowitsch’s trick, we need a "non-E” variable:

Let (K, R, E) be a partial E-field, and let

Sy =R, ®r K[Y]
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S=JS. 2 RIX)"

and for G an abelian group we denote by S,[G] the tensor product of the
group ring R,[G] with K[Y]:

S.[G] = RG] ®r K[Y]

For J, an ideal of S,, such that J, N R, = [, an ideal of R,,, define ¢, to
be the composition of the projection 7, : S,, — S, /J, with ¢, : S,[G] =
R,Gl®@r KY] = S, =R, @r KY], O, 1ig:;, PY)) = (3>, ri, P(Y)).

Lemma 5.3.1 Let J, C S, be a proper (resp. prime, maximal) ideal
and let I, := J, N R,,. Suppose that J, contains E(I, N R,_1) — 1 ({).
Then J,, embeds into a proper (resp. prime, maximal) ideal J, 11 of Spi1
which contains E(I,) — 1 (1,,,,) and such that J,41 N Ry, = I, (11,41)-

Proof. We follow the lines of Lemma[5.2.4]s proof. Let I,y := I,NR,_1,
it has a direct summand I,, in I,,. Let A, be a direct summand in A,, of
the projection of I,onA,.

Then ker ¢, is an ideal of S, containing F([,)—1 and ker ¢;, NS,, = J,.
[ |

Corollary 5.3.2 Let n > 0, and M C S,, be a maximal (resp. prime)
ideal. Suppose E(M N R, 1) —1C M. Then M embeds into a mazimal
ideal M¥ of S such that M¥ N R[X|¥ is an E-ideal and M¥* N S,, = M.

Proof. Let us iterate the construction of Lemma s proof, the same
way we followed Lemma in Proposition [5.2.5s proof. m

5.4 Statements

Corollary 5.4.1 ”Weak Nullstellensatz” Let (R, E) be an E-ring
and Py,--- P, € R[X]®. Let n € N be chosen minimal such that
P,--- P, € R,. Assume the ideal I generated by Py,--- , P, is proper
and that there is a maximal ideal M of R, containing I and such that
M DO EMNR,1)—1(tn). Then Py,---, P, have a common zero in
an E-field extending (R, E).

Proof. By Proposition M embeds into an E-ideal M* of R[X]”
which is a maximal ideal; we take the quotient R[X]” /M¥; it is an E-field
in which X + M¥ € V(I). =
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Proposition 5.4.2 ”Strong Nullstellensatz” Let (K, R, E) be a par-

tial E-field, Py,--+ ,Ppn,Q € R[X]¥ and let n € N be chosen mini-
mal such that Py,--- ,P,,Q € R,. Assume the ideal I generated by
Py, P, in R, is proper and that there is a mazimal ideal M of R,
containing I and such that M O E(M N R,_1) — 1 (t,) and that Q van-
ishes at each common zero of Py,--- , P,, in any partial E-field containing
(R,E). Then Q belongs to M, and a power of Q) belongs to I.

Proof. Consider the ideal J of S, generated by M and 1 — Y.(). Note
that J N R, = M. Assume that J is proper, so one can embed it in
a maximal ideal of S, and then in a maximal ideal J¥ of S which is
an F-ideal by Corollary [5.3.20 Since JZ N R[X]E is a prime ideal, the
quotient

RIXT"/(J% N R[X]")
is an F-domain containing (R, E') which embeds in the partial E-field
(8/7%, RIX]"/(J* N RIX]"), E)

and where P;,---, P,,,Q would have a common zero, a contradiction.
Consequently:

1=) t(X,Y).P(X)+(1-Y.Q).r(X,Y)

with t;(X,Y), r(X,Y) € S, = R[X][exp(Ao®- - - ® Ap_1)] @ K[Y]. Then
let us substitute Y by Q! and multiply each ¢;(X, Q') by a power d of
(@ big enough to obtain an element of 5,,. We get:

Q"= (X, Q").Q"P(X) € R,

since t;(X,Q71).Q% € R,,. Therefore Q? € I C M, hence Q € M as M
is maximal. m

5.5 Real Nullstellensatz

We now want to see if we can have similar results in ordered E-fields.
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Definition 5.5.1 [30, p.279] A ring (R, +,.,—,0,1) is formally real if
there exists an order < on R such that (R,+,.,—,0,1, <) is an ordered
ring, that is < is a total ordering such that for a,b,c € R,

a<b=a+c<b+4+cand 0<a,0<b=0<ab

Fact 5.5.2 [30, Theorem 17.11] A ring R is formally real iff —1 is not
a sum of squares of R.

Definition 5.5.3 Let R be a ring. An ideal I of R is said to be real
if for any wuy, -+ ,u, € R such that >  u? € I, then u; € I for all
t=1,---,n. The real radical of I is:

R(I):={f € R: f"+s € I for some m € N and s a sum of squares of R}

Fact 5.5.4 [0, Lemmas 4.1.5, 4.1.6 and Proposition 4.1.7] Let R be a
ring, and I an ideal of R.

e Suppose I is prime. Then I is real iff the fraction field of R/I is
formally real.

e The real radical of I is the smallest real ideal containing I.

o [f I is real, then I is radical.

Fact 5.5.5 [35, Lemma 1.2 & Remark 1.3] Let R be a commutative
formally real ring, and let X be the set of sums of squares in R. Let
I C R be an ideal, maximal with respect to the property that I s disjoint
from 14+ X. Then I is a prime real ideal.

Let Sy be a ring of characteristic 0, G a torsion free abelian group and
consider the group ring S; := Sy[G].

Let ¢ : S1 — S0, >, rigi = » ;15 (9: € G,ri € Sp)

Then let I C Sy an ideal and let ¢; be the composition of ¢ with the
quotient map 7 : Sy — Sp/1.

Denote by I; the kernel of ¢;.

Lemma 5.5.6 If I is prime and real then I, is prime and real.
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Proof. We have already shown in Lemma that I prime implies I
prime. Suppose Y u? € I, where forall i, u; € S;. Then ¢(> u?) =
0+1="> ¢(u;)?. Because I is real, forall i, ¢(u;) € I, hence ¢r(u;) = 0,
that is u; € Iy, which shows that I; is real. m

Lemma 5.5.7 Letn € N, I,, C R,, be a prime real ideal with the property
(tn). Then I, embeds in a prime real ideal 1,11 of R,y1 with properties

(Tnt1) and (TTnt1)-
Proof. By Lemmas and[5.5.6| m

Corollary 5.5.8 Let Py, -+ ,P,, € R[X|¥ and let n € N be chosen min-
imal such that Py,--- | P, € R,. Let X be the set of sums of squares in
R,. Assume the ideal I generated by P,--- , P, is disjoint from the set
1+ and let M C R, be an ideal that is mazimal for the properties of
containing I and being disjoint from 1 + X. Suppose M can be chosen
such that M O E(M N R,—1) —1 (). Then Py,--- | P, have a common
zero in an ordered E-field extending (R, E).

Proof. By [5.5.5, M is a prime real ideal. By Proposition [5.2.5] and
Lemmal5.5.7, M embeds in a prime real ideal M” of R[X]* that is an E-
ideal. The quotient R[X]¥/MF is an orderable E-field where Py, --- , Py,
have a common zero. =




Chapter 6

E-varieties and E-torsors

In this chapter we want to adapt the notions of variety, generic point,
and torsor as a tool to extend FE-derivations in the FE-algebraic case.
The notions of E-variety, generic point of an FE-variety, regular variety
and desingularisation of a variety have already been developped (see for
example [25] in the setting of definably complete expansions of real closed
fields—and Section [3.1), and we extend results on torsors from [51] to
results on 'E-torsors’. Given a regular F-variety V' defined over a partial
E-field (K, R, E), we show how to construct a generic point of it, lying in
some power of K ((t)), field of Laurent series over K, or in an elementary
extension.

Assuming moreover that Th(K) satisfies an implicit function theorem in
Section 6.3, we construct a generic point of V' in an elementary extension
of (K,R,E).

We will work with the results of Chapter [4]

6.1 Generic points of regular E-varieties

In the algebraic case one can define a notion of generic point, and show a
correspondence between generic points, prime ideals and irreducible vari-
eties. In subsubsection of the setting, we have seen that, although
it is weaker, we still have a correspondance between prime ideals and ir-
reducible varieties in the (non-Noetherian, non-Hilbertian) E-algebraic
setting. Nevertheless, the definition of F-algebraicity involves inequali-
ties as well as equalities, and other coordinates, consequently we cannot
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use a definition of generic point of a variety based on an ideal or F-
ideal of E-polynomials vanishing at it. We focus on the notion of regular
E-variety instead of irreducible E-variety, as it enables us to construct
generic points using Hensel’s Lemma.

Let (K,R,E) C (L, R, E) be partial E-fields, n,m € N\ {0}, n := |X],

P= (P, ,Py) C K[X]| ®pgx) RIX]".

Definition 6.1.1 Let us denote by V"(P) C L™ the set of points a of
L such that there is a m-tuple § for which, after possible renumerotation
of the columns, JF; has a non-singular submatrix Jo 3 P, that is to say
det Jo g Pz # 0. If V(P) = V™9(P), V(P) is called a regular variety,
and the system P(X) = 0 a regular system, while the elements of V(P)
are called reqular zeros.

Recall that a € V™9(P) iff VP (a),--- , VP, (a) are linearly independent.
If A=V(P), we denote A" := V"9(P).

Remark 6.1.2 If m = n, and we are given a squared m X m system
P(X) = 0 that is regular, that is a Hovanskii system, then the coor-
dinates of elements of V'9(Py,--- | Py,) are E-algebraic over the set of
coefficients of Py, -+, Py,.

Remark 6.1.3 We implicitly consider varieties associated to a particu-
lar presentation. Indeed, V(Py, -, Py) =V (P?,--- | P2), but
Vres(PE - P2) s always empty even if V'9(Py, -+ | P,) is not.

Recall that there is a good notion of dimension associated to ecl by Fact

[4.0.1} see Definition 4.0.2-.

Definition 6.1.4 Let A C L™ be a set defined over K, and dimgx A :=
sup{ecl®* — dimga : a € A} be the dimension of A over K.

Let V' C L" be an E-variety defined over K. If a € V is such that
dimg V = ecl’ — dimg @, then a is called a generic point of V over K.

Remark 6.1.5 Let P = (Py,--- , P,) C K[X] @5 RIX]",
a:=ay, - ,a, € V' (P) C L™ Then:
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e There are m coordinates a;,,- -+ ,a;, ofa that form a tuple solution
of a m x m Hovanskii system defined over K U {a;,, ,, - ,a,},
where a;,, .-+ ,a;, are the n —m other coordinates of a.

o ccll —dimga < n—m. In particular, if V(P) = V"9(P), then V
has dimension over K smaller than n — m.

Proof. Let a € V(P) = V"9(P). By regularity JP; admits a m xm non-
zero minor. Without loss of generality suppose it is det Jg,_,. 5..)Fa, that
is the determinant of the submatrix formed by the m right columns. Let
Qnm = Q15 5 A, AN @ = Ayt 2 Gy X = Xpemtts =+ 5 X
Then, forv=1,--- ,m, let

Pi/(X/) i= Pi(ln—m, X,)

This shows a’ € V"™9(P[,---,P!) and, in other words, that @’ is a
solution of the Hovanskii system formed by the P/’s, with det JP., =
det J((_)n,m,gm)Pa 7é 07 that is An—m+1;" " ,0n € BCZL(K(Cll, o aa'n—m))-

Consequently ecl’ —dimga<n—m. =

From now on, let £ O L,i,4s U {E}, and let V be a definable base of
neighborhoods of 0 in K, such that (K, R, E, V) is a topological L-partial-
E-field.

Proposition 6.1.6 Let Q = (Q1,- - ,Qm) € K[X] ®pgx) R[X]®. Sup-
pose that there is a € V"9(Q) N K.

Then there is a topological elementary L-extension (K1, Ry, E, V) of
(K, R, E,V) such that K; contains K and some elements ty,--- ,t,_m
with:

fori=1,--- n—m,t; ~x 0 and

there is g € V"9(Q) C K((t1)) -+ ((tn_m))" with g — a ~g 0

(and hence § — @ ~y, (k) 0, for Vi(K) = Comp K ), and

X))~ (tn=m)) — dim (§) = n — m.

Furthermore, if V(Q) = V"9(Q), then g is a generic point of V(Q).

Proof. By Corollary , let (K1, Ry, E,V;) be a topological elemen-
tary L-extension of (K, R, F, V) such that K; contains KU{ty,- - ,t,_m},
where tq, -+ ,ty_m are eclX(t)((tr—m))_independent over K and such
that each t; ~g 0.
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Without loss of generality suppose det Jig, .. 5,.)@a # 0.

Let Gy i= 1, s Qpmy @ 2= Qi 1, 5 Oy X = Xt 1, X,
and Q'(X") := Q(@p_m, X'). Then @' defines a (m x m) Hovanskii sys-
tem. Let Q“(X") := Q(Gn_m + tnm, X'). It also defines a Hovanskii
system and one gets Q"(a’) ~x 0 and det JQ% ~x 0 by continuity.

By Hensel’s Lemma [3.3.4]in K[[t1]] - - - [[t5—m]], one finds a regular zero &
of Q. Consequently ap_p, + tn_m,c € V(Q) and has ecl®(t)+({tn-m))_
dimension n —m over K. m

6.2 F-Torsors and extensions of
E-derivations

Let (K, R, E) C (L, R/, E) be partial E-fields, n € N, n := | X].

Definition 6.2.1 Let V := V(Q) C L" be an E-variety defined over
K, and I(V) C K[X]| ®pix) R[X]” be the ideal of E-polynomials with
coefficients in K which vanish on V . Let

(V) :={(a,b):a €V and Z S)F() (@).b;+PP(a) = 0 forallP(X) € I(V)}

the torsor of V.
Let @a € V C L™ The fibre of the torsor at a is set as:

= OP
‘ X,

i=1

(V) := {b (a).b; + PP(a) = 0forall P(X) € I(V)}

And the tangent space of V' at a is:

—~ 0P _ .
: X, (@).b; =0forall P(X) € I(V)}

=1

T.(V):={b

For a € L", recall that I(a) denote the ideal of E-polynomials of
K[X] ®@px) R[X]” which vanish at a@. In what follows, let dim denote
the linear dimension of ecl”(K (a))-vector spaces.
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Lemma 6.2.2 Let Q := (Q1,- -+ ,Qm) C K[X]| ®gx) RIX]®. Let V :=
V(Q). Suppose that there is a € V"9(Q) C L™ such that ecl’ —dimy a =
n—m. Let

o N~ O _
T (V):={b: 2 X, (a).b; =0 forallf € I(a)}
and .
ker JQg == {b : an(d).bi:Oforj:1,~~ ,m}

< 9X,

1. TH(V) CTu(V) Cker JQ;

2. dimTL(V) > ecl* — dimg a = n — m.

3. dim(ker JQg) = dim T%(V) = dim T, (V) = ecl’ — dimg a = n —m.
Proof. Let a,,_,, :==aq, -+ ,a,_,, and suppose without loss of generality
that ay, -+, a,_n, are eclt-independent over K. Let Ly := K (a, F(a)) C
Ly = ecl®(K(y_m)).

1. Let J := (Q1, - ,Qm)p, the E-ideal of K[X] ®px] R[X]” gener-

ated by Qla e 7Qm-
We have I(a) D I(V(J)) 2

J, hence

Ti(V) CTa(V) C ker JQ;

2. By Lemmal4.2.3| we have that the L;-linear dimension of EDer(L;/K)
is ecll — dimg(a) = n —m. We use the base Dy, -+, D, _,,
of Lemma to construct a L;-linear independent family of
TL—;(‘/) For ¢+ = 1, ,n,_j = 1, ,n —_m, let bji = Dj(@i)y
and bj = (bjla s 7bjn>7 SO b1 = Dl(C_L), s ;bnfm = Dn,m(C_L) For

Qai,, Qp_m € L1, we do have
n—m
Zaibi:0:o¢1:0,--- ,an_m:O
i=1

Thus it remains to verify that each b; = Dj(a) € To(V): let f €
I(a). Then in EDer(L,/K),

N=0=S"2 Dy =S I
Dj(f(a>> =0= p aXZ (a)Dj(aZ) - — 8Xz (a)‘b]z
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3. By regularity, VQi(a), -+ ,VQu(a) are Li-linearly independent,
so rank JQz = m, hence dim(ker JQ3) =n —m.
Then as T.(V) C Ta(V) C ker JQ; as Li-vector spaces, and as the
Ly-linear dimension of T2(V) > n —m and the L;-linear dimension
of ker JQ); is n — m, we have equality between our three vector
spaces.

Let m € N, P = (P,---,P,) C K[X] @ Rx] R[X]E. Let V = V(P),
and let @ € V™9(P) C L™ be a point of maximal ecl’-dimension over K,
n —m. Let

n aP7

7a(P) :=={b : e

1=

By Lemma T2(P) = 12(V): indeed let ¢ € 7(P) and ¢ € (V).
Then ¢ — & € Ty(V) = ker JQ5. Hence ¢ € @+ T5(V) = 75(V) C 12(P).

(@).b; + PP (@) = Oforj =1,--- ,m}

Remark 6.2.3 Letm e N, P = (Py,--- ,P,,) C K[X|®gx) R[X]". Let
a € Vr9(P) C L" be a point of mazimal ecl”-dimension over K, n —
m. Without loss of generality suppose a1, -+ ,n_m are ecl®-independent
over K and that a,_q1, -+ ,an € ecl*(K(ay, -+ ,an_m)). As seen with
Remark[0.1.5, there is then a Hovanskii system expressing that a,—m+1,

-, ay, €ecl®(K(ay, - ,an_m)), without involving other elements of L.
This kind of play the role, in the "V"9(P)-context” of the minimal poly-
nomaial in the algebraic case, which allow us to extend to the E-algebraic
case a theorem of S.Lang [37, Th.1 p.184] which is a main tool for ex-
tending derivations in the algebraic case:

Lemma 6.2.4 Let (K,R,E) C (L, R, E) be partial E-fields, and let D
be an E-derivation on K. Let H = (Hy,- -+, Hy) C K[X] ®px RIX]".
Suppose that there are a == ay, -+ ,a,, b := by,---,b, € L™ such that
acV(H)C L™ and eclt — dimg(a) =n —m, and

bera(H)

Then there is a unique E-derivation D* on ecl’(K(a, E(a))) extending
D and such that fori=1,--- ,n, D*(a;) = b;.
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Proof. Without loss of generality, let d := n—m = ecl’ — dimg(a), and
assume ap, - - - , aq are ecl*-independent. By Remark , as ay,- -+ ,aq
are ecl’-independent, ay,--- ,aq do not satisfy 'relations’ over K: there
isnop €N, ¢y, ,c, € K and P € Z[XY]P \ {0} such that P(ac) = 0.
Define a mapping D* on K (a4, E(a4)) by:

D*(a;) == b;; D*(E(a;)) :== E(a;)D*(a;) fori=1,---,d

).b; + PP (ay)

DL

D*((Po E)(a Z E(a;)b; + PP(E(ag))

_ P(aa) D*(Q(aq)) — Q(aq) D*(P(aq))

D" (P(a)/Q(as)) = e

for all P(X), Q(X) in K[X] (Q(ag) # 0). The mapping D* is a well-
defined E-derivation. By construction, it is unique as a mapping satis-
fying D*(a;) = b; for i =1,--- ,d on K(ag, E(ay)).

Then as in the proof of Proposition [4.2.1 by derivation of the m x
m Hovanskii system Hjy defined over K(aq) by H(aq, X') = 0 and
det J(o5,.)Ha,x» # 0, where X' = X411, -, X,, one obtains that for
i=d+1,---,n, D* extends uniquely on a; by D*(a;) := b;: indeed, for
1=1,---,m, let

H)(X") = Hy(aq, X')

Then, by derivation of Hy, we obtain, as was done in the proof of Propo-
sition |4.2.1} a squared linear system S in the Da;’s:

fori=1,---,m,

Z g)}?( a).Da; + H” (@) =0

j=d+1 7

the determinant of which is non-zero:

det JHC%/ = det ’]((_)d,ﬂm)H@d@' 7£ 0
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hence the system S admits a unique solution. Furthermore,

" OH! D ~ OH] ~oH; a
j=d+1 j k=1

d n
0H; ,_ 0H; ,_ _
= g 8X‘(a)'bj+ E 8X'(a).Daj+HiD(a)
J j=d+1 J

Consequently b’ := bgy1,--- , by is a solution of S, because b € 7;(V), and
therefore it is the unique solution. m

Although we will not use them later, we show how to adapt Lemmas
1.3 and 1.6 of [51].

In Lemmas [6.2.5] and Corollary we make the following as-

sumptions:

LetiQZ: (Ql, cee 77Q7m) - K[X] @R[X’] RJX]E, and H := (Hl, tet ,Hp) -
K[XY] ®pgzy) RIXY]", where [Y] =|X].

Let V= V(Q) C L, W := V(H) C L*".

Let a,b be n-tuples from L such that ab € W9 N r(V), a € V',
ecl® — dimy (ab) = 2n — p, and ecl* — dimg(a) =n — m.

Lemma 6.2.5 Let 7 be the projection map from 7,45(W) onto the first n
coordinates.
Then 7 is onto (V).

Proof. We first want to show that 7(75;(1V)) C 72(V).

Notice that m(7,5(W)) C (V).

Then, the corresponding projection on tangent spaces maps Tg;(1W) onto
Ts(V), because by Lemmal6.2.2] as ecl* (K (a))-vector spaces, dim Ty;(W)
= ecl* — dimgab, and dim T,(V) = ecl” — dimga, hence the rank of the
projection is maximal, so it is onto.

Consequently, as all the maps and actions commute, one obtains that m
maps 7;(W) onto (V). =

Corollary 1.7 of [51], page 111, stays true in the E-algebraic case-the
statements are the same, replacing varieties by FE-varieties and torsors
by torsors involving F-polynomials—
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Lemma 6.2.6 There is ¢ C ecl”(K(ab)) such that bc € ,5(W).

Proof. Word to word the proof from [51], that goes through in the
E-algebraic case too. By Lemma [6.2.5, {w € L" : bw € 75(W)} is
nonempty. But this set is defined as a finite set of linear equations over
ecl*(K(ab)), so has a solution in ecl’(K (ab)). m

Corollary 6.2.7 An E-derivation on K uniquely extends on ecl™(K (ab))
in such a way that b= D(a).

Proof. By Lemmas [6.2.6| and [6.2.4] m

6.3 Hypothesis Zm and regular E-varieties

In this section, considering (K, R, E,V) C (L, R, E,V) topological par-
tial E-fields satisfying Hypothesis Zm, we state a few more results. We
will not use these results later on, except Proposition [6.3.4]

Recall that if @ is a generic point of an algebraic variety V, and b € V,

then I(a) = I(V) C I(b).

Let (K,R,E) C (L, R, E) be partial E-fields. Let X = X1, -, X,
n € N\ {0}.

Note that by Lemma [3.1.11} if a topological partial E-field (K, R, E,V)
satisfies Hypothesis Zm and ’Lack of flat functions’ (Fact [3.1.10)) then

whenever G = (g1, ,gm) C K[X] ®px RIX]* and 7 € V™(G),
then

e cither there exists h € K[X]® gz R[X]” such that 2y € V™*(G, h),

e or for all h € K[X] ®px) R[X]®, if h(Zo) = 0, then h vanishes
on a neighborhood, for the induced topology on V"(G), of Zy in
VeI (@),

If V(Q) = V"™9(Q), this gives us a local counterpart of the classical
algebraic result on ideals of generic points of algebraic varieties recalled
above:
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Corollary 6.3.1 Let (K,R,E,V) C (L,R',E,W) be topological par-
tial E-fields satisfying Hypothesis Im and ’Lack of flat functions’ (Fact
[3.1.10). Leta e V™9(Q) C L™, Q = (Qu,- -+ ,Qm) C K[X] ®px) R[X]”
such that ecl” — dimg(a) = n —m.

Then there is O € W(K) such that I(a) C I(a+ O NV"9(Q)), where

I(.) € K[X] ®px RIX]P.

Although we will not use the following result, we show how to reduce
problems involving F-varieties to problems dealing with regular F-varieties:

Lemma 6.3.2 Let (K, R, E,V) be a topological partial E-field satisfy-
ing Hypothesis Im and 'Lack of flat functions’(Fact , and let
P= (P, ,P,) C K[X]®px RIX]?, ac V(P)C K.

Then there exists Q = (Q1,- -+ ,Qm) C K[X]@R[X]R[)_(]E and a definable
open subset S (for the induced topology on V"9(Q)) of V"9(Q) C KXl
such thata € S C V(P)NV™(Q) C KIXI.

Proof. Almost word to word the proof from [61) instance of Theorem
32 P.195].

By Lemma there exists H such that a € V"™9(H). Let ko(a) :=
min{k|3H := (Hy,--- , Hjg-1) € K[X] ®gx) RIX]",a € V™(H)}, and
let Q@ = (Q1, - ,Qm) such that m = |a| — ko(a) and a € V™9(Q).

As we have chosen V"%(Q) with |Q| maximal, Lemma [3.1.11}-as noticed
above— gives us that every function h such that h(a) = 0 also satisfies
h = 0 on an open neighborhood S of a within V"%9(Q). Consequently, as
P(a) = 0, P vanishes on some S, so there is a set S, open for the induced

topology on V"(@Q), such that a € S CV(P)NV"™(Q). =

Note that proof of Lemma constructs @ = (Q1, -+, Q) with m
maximal —as length of sequence of E-polynomials vanishing on some point
such that their gradients are linearly independent at this point—.

Remark 6.3.3 If we had supposed in the hypotheses of Proposition|6.1.0
that Th(K) also satisfies Hypothesis Zm, we could have alternatively con-
structed a generic point using the implicit function theorem instead of
Hensel’s Lemma:
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Proposition 6.3.4 Let L D L,;,sU{E}, and let (K, R, E,V) be a topo-
logical L-partial-E-field such that Th(K) satisfies Hypothesis Zm and
D. Let Q = (Q,+,Q,) C K[X] ®Rx] R[X]®. Suppose that there is
aecVr(Q)n K.

Then there is a topological elementary L-extension (L, R', E,;W) of
(K,R,E,V) such that there is a; € V™9(Q) C L™ with @, — @ ~y(k) 0,
for W(K) = Comp K, and ecl* — dim(a,) =n — p.

Furthermore, if V(Q) = V"9(Q), then a, is a generic point of V(Q).

Proof. Without loss of generality suppose {ki,--- ,k,} = {n —p+
L,---,n}. Let ap—p := ay, -+ ,ap—p and @ = ap_pi1, -+ ,a,. By Hy-
pothesis Zm, there are O C K™ P, O’ C KP? open sets with a € O x O,
and a continuous function ¢ : O — O’ such that @’ = g(a,—,) and such
that for all z,_, == x1, -+ ,2p—p € O and @ = zp_py1, -, 2, C O,
= g(Tn—p) ff Q(Tnp7) = 0.

By Fact[A.0.8] there is a topological elementary L-extension (K, Ry, F, Vi)
of (K, R, E,V) that contains K U{t,}, where ¢, is ec/®'-independent over
K,and forall V € Vi(K), t; € V, where V, (K) satisfies Comp(K), hence

b1~y (k) 0.

By repeating use of Fact[A.0.8] for i = 2,--- ,n—p, there is a topological
elementary L-extension (K;, R;, E,V;) of (K;_1,R;_1, F,V;_1), and thus
of (K, R, E,V) that contains K; 1 U{t;} O K U{ty,--- ,t;}, where t; is
ecl®i-independent over K;_;, and t; ~v, (K1) 0, where V;(K;_1) satisfies
Comp(K;_1). Moreover by Fact [2.2.5( there is V;(K) C V;(K;_;) satisfy-
ing Comp(K), hence t; ~y, 4 0.

Let (L,R,E,W) = (K,—p, Rnp, E, V).
Then t,--- ,t,_, are ecl’-independent over K, and for i =1,--- ,n —p,
ti ~wk) 0, where W(K) satisfies Comp(K).

Let ¢,,—p :=t1, - ,t,—p. We have that a1 := Gn—p + tnp, §(@n—p + tn—p)
is a regular zero of Q of ecl’-dimension n — p over K. =
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Chapter 7

A differential lifting scheme

In this chapter, in order to generalize results of [23], we consider first-
order theories T' of expansions of topological partial E-fields that are
model-complete and T, of their expansion to differential topological par-
tial E-fields. In an attempt of selecting the models that are existentially
closed in the class of models of T, we give a geometric scheme satisfied
by this subclass.

We first state an hypothesis (I)g on the class C of models of T, which,
like Hypothesis (1) in [23], implies on elements K of C that there is an
extension of K in C that contains the field of Laurent series K ((¢)). Then
if T' is model-complete, this implies that K, as a field, is large, that is
existentially closed in K ((t)).

We then state a differential lifting scheme (DL)g, in the spirit of other
differential lifting schemes ([51], [48], [23]); it reduces an E-differential
problem to an E-algebraic one, then ’lifts’ the existence of solutions. We
show that if K = Tp has a reduct K such that Th(K) satisfies either
Hypothesis (I)g or Hypothesis Zm, then K has an extension in the class
C of models of Tp, that satisfies a 'pre-scheme’ (DL)g.

As a corollary we get that for T' := Trey, and for T := Tp, g,, the
models of T, that are existentially closed in T, satisfy (DL)g.

Finally we construct exponential derivations that satisfy scheme (DL)g
on (R, exp), (R((t))*¥, exp) and on (C, exp).

115
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7.1 Hypothesis (I)g

Let (K, R, E,V) be a topological partial E-field; n,m € N\ {0}.
Let K((t)) := K((t1)) -+ - ((tn)). Consider the structure (K ((¢)), R[[t]], Wh),
where W, is as defined in Section [3.3.1} Because V is not discrete then
W, (K) satisfies Comp(K), which induces an equivalence relation ~yy, (k)
on K((t)) and so on K (())™ with in particular:

1? NWH(K) 0

This endows K ((t)) with the structure of a topological field. By Remark
2.3.2, R[[t]] can be endowed with an exponential F' making it an E-ring
extending (R, E).

Then consider (K ((t)), |.|), where |.| is the canonical ultrametric absolute
value as set in Section — for which the topology on K is trivial. It
has valuation ring K[[t]]. Recall that for k,l € K((f)), we have k ~ [ iff
|k—1] > 0 that is k—1 € m(K|[[t]]) = t.K[[t]], so then in K((#))™, t ~f O.

Recall that by Remark [3.3.1] for an element a € K(())™, @ ~x 0 iff
a ~w, (k) 0. This will allow us to work in (K((¢)),].|) when we need
a Hensel’s lemma, and to be able to construct topological extensions of
(K, R, E,V) in which ¢ is in all neighborhoods of 0:

Let X = X1, , X,.

Definition 7.1.1 Let £ D L, ;4 U {E}.

An inductive class C of topological partial E-fields satisfies Hypothesis
(I)g if for every element (K, R, E,V) of C, the following conditions are
verified:

Considering (K ((1)), R[[t]], E, W,) as a topological L-extension of
(K, R, E,V) and given G a tuple of E-polynomials in
K[[][X] @rya (RIFDIXT

if there is @ C K|[[t]] such that G(a) ~x 0 and det JGz =k 0 in
(K[[t]], |.]), then there is a topological L-extension (L, R', E, W) of
(K((t)), R[[t]], E, W,) such that:
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1. (L, R', E, W) is a topological elementary L-extension of (K, R, E,V)
(thus belongs to C).

2. There is a subset W(K) of W which satisfies Comp(K) and with
t ~W(K) 0.

3. Thereis b € L such that G(b) = 0, det JGj =) 0 and @ ~yy(x) b.
Remark 7.1.2 Note that if we want to encompass cases like
(K7 R, E, V) = (Czﬂ OP’ Epv ||p)

where O, is both the domain of definition of E,, and the valuation ring of
C,, for|.|, we need to consider R@®t.K|[[t]] instead of R[[t]]. Note that E
is well-defined on R&®T.K([t] by Remark[2.3.4, and that O, & t.C,|[[t] is
the valuation ring of C,[[t]] for Wi, in that case. Furthermore the results
using Hensel’s Lemma |3.53.4] go through, as the proofs stays the same,
replacing R[[t]] by R & t.K[[t]].

7.1.1 Example

The languages, theories and structures we refer to in this paragraph are
detailed in Section 2.4]

Proposition 7.1.3 The class of models of the L, p-theory T exp that
can be endowed with a Lgy,-structure satisfies (I)g.

Proof. Let (K, E, <) |= TRk exp, such that K can be endowed with a L,,-
structure, and let )V be a base of neighborhoods of 0 in K for the order
topology. Consider both structures (K ((t)), E,W,), and (K((t)), E,|.]).
By Lemma [3.3.2] (K[[#]],].]) is complete; hence given G a regular sys-
tem with coefficients in K[[f]] such that G(a) ~x 0 and det JGg ~x 0
for an @ C K|[[t]], we find b € K[[f]] such that H(b) = 0, b ~x @, and
det JHjy =g 0. Then b~y @ and (K ((2)), E,W,,) C (K(()F, B, T,,),
where 7, is as recalled in Subsection [2.3.3

Then note that if ¢(x, k) is a formula of £,, g with parameters k € K-
and which has a solution in (K ((£))*F, E, T,)-, the formula ¢ can be ex-
pressed as a formula of £,,, p with parameters in K, hence by Fact|[2.4.11]



118

K < K((t))*F as L, g-structures and consequently (K ((£))*F, E,T,) &
TR,exp- |

7.2 Generic points
Let £ 2 Em'ngs U {E}

Proposition 7.2.1 Let (K, R, E,V) be a topological L-partial-E-field,
€ N\ {0}, and Q = (@i Q) € K[X) @prz RIX]P, where
| X| = n. Suppose that there is a € V"9(Q) N K" and that Th(K) satis-
fies Hypotheses (I)g and D.

Then there is a topological elementary L-extension (L, R', E,W) of
(K,R,E,V), that contains K((t)) := K((t1)) - ((tn_m)) and such that
there is g € V™9 (Q)NL" such that ecl’ —dimygg =n—m and g ~W(K) G-

Furthermore if V(Q) = V"9(Q) then g is a generic point of V(Q).

Proof. By Proposition , there is an elementary L-extension (K7, Ry,
E V) of (K, R, E,V) that contains K and some elements ty, -+ ,t,_p,
such that for i = 1,--- ,;n —m, t; ~x 0 and there is g € V"9(Q) C
K((t1)) - (tnem))" with g—a ~x 0, and ecl® (1) ((tnm)) — dim () =
n—m. By Hypothesis (I)g, there is a topological elementary L-extension

(L,R',E;W) of (K,R,E,V) such that L O K((t1)) - ((tn—m)) and
G ~w) a. To see that ecl” — dimgg = ecl®(E)~(tn=m)) — gim g =
n —m, consider the n —m K((t1)) - - - ((tn—m))-linearly independent FE-
derivations D; constructed in the proof of Corollary By Corollary
4.3.16|, each D; extends to an FE-derivation on L, and by construction,

the extensions of the D,’s are L-linearly independent, consequently by
Fact [4.0.1 ecl’ — dimxg=n—m. =

Definition 7.2.2 Let n,p € N\ {0}, n = |X]|, and let (K,R, E) be
a partial E field. Let P = (Py,---,PB,) C K[X] ®px R[X]”, and let
aecVrI(P)yn K"

Let {k1,--- ,k,} €{L1,---,n} be the set of the indexes of the columns in-
volved in a non-zero subminor of JF%. We will denote by Ind; (JF;) ==
{1,---,n}\ {ki,---,k,} the set of the indexes of the other columns.
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Definition 7.2.3 Let m,n,p € N, m,n # 0, n = |X| = |V, and let
(K, R, E) be a partial E-field, @ = (Q, " Qm) C K[XY] QR[xY]
RIXVIE, P = (R, , By) € K[X] 0z RIX)E, A= V(Q), B=V(P).
Suppose there is a tuple ab € K** N A™, with a € Breg )

We will say that ab € A wvirtually projects generically on B if we have
the following condition on A, B:

e n—p > 0 and there is a non-zero subminor of J@Q);; involving a set
of columns indexed by {j1, - ,jm} S {n+1,---,2n}.

Example 7.2.4 Let H = (Hy,--- , H,) C K[X] ®px RIX]¥ defining a
Hovanskii system Hp.

Let P= (P, -+, P,_1), where fori=1,--- . n—1, P, = H;, and

let Q = (Q1,Q2) € K[XY]®pxy) RIXY]", where Q1(X,Y) = Hu(X)+
Z?:_ll E(Y;)+c, and Q2(X,Y) = H,(X) + E(Y,) +d, ¢c,d € R. Suppose
ab € V(Q) and a € V(P).

Then V P;(a) are linearly independent, and the subminor of JQg5 indexed
by the two last columns has determinant E(b,—1)E(b,) # 0.

Lemma 7.2.5 Let m,n,p € N, myn # 0, n = |X| = |Y| and let
(K,R,E,V) be a topological L-partial-E-field, @ = (Q1, -+ ,Qm) <
KIXY] @ppy) BIXY]E, P= (P . Py) € K[X] @z RIX]E.
Suppose Th(K) satisfies Hypotheses (I)g, and D.

Let ab € V™9(Q) N K", such that a € V™I(P).

Suppose that ab virtually projects generically on B.

Then there is a topological elementary L-extension (L, R', E; W) of
(K,R,E,V) and ayb; € V™9(Q) C L* such that a1by ~yw) ab, and
such that a; € V™(P) has ecl*-dimension n — p over K.

Furthermore if V™9(P) = V(P), then ay is a generic point of V(P).

Proof. First, notice that there is k,, Indg (JP;) C Ind;, (JQqgm).
Proposmon_there is a topological elementary L- extens1on (L, R, E W)
of (K,R,E,V), that contains K((t)) := K((t1))---((t,—p)) and such
that there is @, € V"®(P) N L™ such that ecl’ — dimga, = n — p and
ar ~w(k) a

Then supppose without loss of generality that {ji, - ,7m} = {2n —
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m+1,---,2n}, and let bom = b1, bp_m if n —m > 1, and let
Y= Yn—m+1> e aY’m b= bn—m-l—la e 7bn~ Let

Q'(Y') == Q(a,bym,Y")

Q" (Y") = Q(a1, bo—m,Y")
We have that J(('),ym)@;‘,/ = J(0,5,.)@p» hence det J((-)@m)Q;—), = det J@gm)Qg, #+

0. Note that a; € KJ[t1]]---[[tn—p)] as seen in the proof of Propo-
sition [6.1.6] hence Q" has coefficients in K[[t1]]- - [[tn—p]]. By conti-
nuity det Jg ¥ # 0 and Q"(V') ~k 0. Consequently by Hensel’s

Lemma Proposmon 3.3.4] there is @ € L™ such that Q"*(¢) = 0. Let-
ting by = by_m,c, we have found a,b; € V'(Q) C L*" such that
a1by ~WI(K) ab, and such that @; € V"*(P) has ecl*-dimension n — p over
K nm

Lemma 7.2.6 Let m,n,p € N, m,n # 0, n = |X| = |Y|, and let
(K,R,E,V) be a topological L-partial-E-field, Q = (Q1, -+ ,Qm) C
K[XY] ®@pxy) RIXY]P, P = (P, B) € K[X] ®px) R[X]".
Suppose Th(K) satisfies Hypotheses Im, and D.

Let ab € V"9(Q) N K", such that a € V"I(P).

Suppose that ab virtually projects generically on B.

Then there is a topological elementary L-extension (L, R') E, VW) of
(K,R,E.V) and a1b; € V™(Q) C L* such that a1by ~w) ab, and
such that a; € V"9(P) has ecl®-dimension n — p over K.

Furthermore if V™9(P) = V(P), then a, is a generic point of V(P).

Proof. The proof follows the same lines as the proof of Lemma [7.2.5
above, but we use Proposition [6.3.4] instead of Proposition and

then instead of using Hensel’s Lemma we use Hypothesis Zm.

First, notice that there is k,, Indy (JFPs) C Ind;, (JQg) and supppose
without loss of generality that {ji,---,jn}={2n—m+1,--- ,2n}.
Let by :=b1, -+ byp_m ifn—m > 1, and let Y,,_,, := Y1, -+, Yoim,
}7/ = Yn—m+17 s ,Yn, Z_)/ = bn—m-l—la cee 7bn-

By Hypothesis Zm, there are O C K>~ O’ C K™ open sets with ab €
O x O, and a continuous function g : O — O’ such that b’ = g(ab,_,,)
and such that for all XY, ,, € O and Y/ C O, Y' = g(XY,_,,) iff
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Q(XY, V") = 0.

By Proposition [6.3.4] there is a topological elementary L-extension
(L,R',E,;W) of (K, R, E,V) such that there is a; € V"9(P) C L™ with
a1 — @ ~w) 0, for W(K) = Comp K, and ecl* — dimg(a;) =n — p.
Let by = by_mg(a1bn_m).

Then ab, € Vrea(Q) C L?" is such that @b, ~MWK) ab, and such that
@, € V™(P) has ecl-dimension n — p over K. =

7.3 Scheme (DL)g

Definition 7.3.1 Let (K, R, E,D,V) be a differential topological par-
tial F-field. We say that it satisfies the scheme (DL)g if:

for any U € V,

for any finitely generated E-varieties A C K?", B C K" defined over
K such that A™9 C 7(B), if there is a tuple (a,¢) € K?" N A", with
a € B, that virtually projects generically on B, then

there is b € K™ such that (b, Db) € A™9 and
(a,¢) — (b, Db) € U™

Remark 7.3.2 If (K, R, E,D,V) satisfies (DL)g, then for any U € V
and a € K, thereisbe K, Dbea+U.

Theorem 7.3.3 Let (K, R, E,D,V) be a topological differential partial
E-field. Suppose that the theory Th(K) of the L-reduct (K, R, E,V) sat-
isfies Hypotheses D and either (I)g or Zm.

Let m,n,p €N, myn#0,n=|X|=1Y|, and let Q := (Q1, -+ , Q)
K[XY] ®pxy) RIXY]®, P = (P,---, B,) C K[X] ®pz R[X]", A
V(Q), B=V(P).

I 1M

Suppose that A™ C 7(B), and that there is (a,c) € K*" N A", with
a € B", that virtually projects generically on B.
Let U € V.

Then there is a LU {D}-extension (L,R',E,D,W) O (K,R,E,D,V)
such that (L, R', E;W) is a topological elementary L-extension of
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(K,R,E,V), and there are b € L", and W € W(K) with WNK = U,
(b,D(b)) € A™ and

(@,¢) — (b, D(b)) € W*"

Proof. By Lemma or there is a topological elementary L-
extension (L, R', E,W) of (K, R, E,V) such that there is a'¢ € A™ C
L?" such that @’ € B"™9 has ecl*-dimension n — p over K, and @'@ ~yy (k)
ac, for W(K) | Comp(K) hence a'd € ac + W?", for W such that
WnNnK=U.

By Lemma/6.2.4]applied to @', D extends uniquely to an E-derivation on
ecl*(K(a'?)) in such a way that ¢ := Da’. Therefore we let (b, D(b)) :=
(@',). Then, D extends to L by Corollary [4.3.16| m

Remark 7.3.4 Note that if we were able to construct ab; to be of max-
imal ecl®-dimension 2n —m over K in Lemmas|7.2.5 and|7.2.6|, then in
the proof above of Theorem[7.3.5 we could also have used Corollary[6.2.7]

instead of Lemma [0.2.4).

7.3.1 Existentially closed differential expansions

Let £ = Lyjngs J{E}U{R;,i € I}, where R;, i € I are relations symbols,
a first-order language, let T" be a L-theory of topological partial E-fields
satisfying Hypotheses D.

Suppose that either models of T satisfy Zm, or that k-saturated models
of T satisfy (I)g for some k, and let (K, R, E,V) = T.

Then set Lp := LU{D}, and let Tp be the Lp-theory

TU{Dis an E-derivation}

Theorem 7.3.5 Under the above setting and hypotheses, the models of
the Lp-theory Tp that are existentially closed in Tp satisfy (DL)g and
have a L-reduct that is existentially closed in the class of models of T'.
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Proof. Let (Lo, Ro, E, D,V,) = Tp be existentially closed in Tp.
Let (L1, Ry, E, V1) = T be a L-extension of (Lg, Ry, E, V) (by Hypothe-

sis D and Fact it is a topological L-extension). By Corollary 4.3.16
D extends to an F-derivation on L;. By construction,

(L17RlaE7 D,Vl) ): TD

hence we get that (Lo, Ro, £,Vo) < (L1, Ry, E,V1) as L-structures be-
cause (Lo, Ry, E, D, Vo) < (L1, Ry, E,D,V;) as Lp-structures and £ C
Lp.

Now let U € V,, and A, B be finitely generated FE-varieties defined
over Ly such that A™ C 7(B), and there is (a,c) € La" N A™9, with
a € B, that virtually projects generically on B. By Fact
(Lo, Ry, E, D, V) can be embedded in a k-saturated elementary exten-
sion (Lg, Ry, E', D', V}). Let U’ € V| such that U'NLy = U. By Theorem
[7.3.3] there is (La, R, E, D,Vs) |= Tp a Lp-extension of (Lj, R, E', D', V}),
and thus of (Lg, Ry, E, D,V,) such that there is (a”,&") € AN L3" and
W € Vy(Lj) with WN Ly =U and (a’,c") — (a,¢c) € W?" and ¢’ = Da".
By existential closedness of (Lg, Ry, E, D,Vy) in (Lo, Re, E, D, V) , there
is (@’,@) € L2 N A such that (a’,¢) — (a,¢) € U?", and & = Da’ which
shows (Lo, Ro, E, D, V()) ): (DL)E u

The following L-theories T" are model-complete by Facts [2.4.8 and [2.4.4],
and Hypotheses D, Zm are satisfied by models of T'. Furthermore, the
N;-saturated models of T ¢x, can be endowed with a £,,,-structure, hence
satisfy (I)g.

Corollary 7.3.6 Let L := L, g, and T := Trexp. Then the models of
the Lp-theory Tp that are existentially closed in T satisfy (DL)g.

Corollary 7.3.7 Let L := L g, and T the L-theory Th(C,, Op, E,).
Then the models of the Lp-theory Tp that are existentially closed in Tp
satisfy (DL)g.

7.3.2 Examples of structures satisfying (DL)g

In his PhD thesis [10] (2.5.2 p.32), Q.Brouette endows R with a deriva-
tion making it a model of CODF. He constructs by induction on a € 2%
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a chain of subfields K, of R that contains Q, and such that the transcen-
dence degree of R over K, is 2%. The iteration step is an adaptation of
a lemma of C.Michaux’s PhD thesis ([47], Chapter 2, Lemma 2.3.4) used
to show that the theory CODF has countable archimedean models, and
it is itself an adaptation of a lemma of M.Singer ([62], p.85) used to show
the existence of a model of CODF' containing a given model of ODF'.

In this section we extend Q. Brouette’s proof to show that R and R((¢))¥,
and C can be endowed with an FE-derivation making them models of
scheme (DL)g. We replace the iteration step by Theorem [7.3.9]

First note that ecl®(Q) and ecl®(Q) both have cardinality Ny, as the
Hovanskii systems with coefficients in Q can be enumerated and because
their solutions are isolated zeros. Moreover, in R, a given Hovanskii sys-
tem can only have a finite number of solutions because R is o-minimal
hence a definable set is a finite union of intervals and points so a count-
able definable set is finite.

Then notice that a Hovanskii system in R((¢))*Z has also countably many
solutions:

indeed let Hy (X, a) corresponds to equations by (X,a) = 0,--- , h, (X, a)
0, together with inequation det Ji; 5 Hx z # 0, where H = (hy,--- , hy,) C
ZIXY)E n=1|X|,p=lal,a CR((t))*F. Let

0(zy) = H(zy) = 0 A det Jz5Hz 5 # 0

By Fact [2.4.9] there is N such that
I=Nzva 0(z,a)

is true in R. By Fact [2.4.11] this is also true in R((¢))*#. Consequently
ecl®(D)"(Q) also has cardinality Xo. Notice that R((¢))“F has cardinal-
ity 2% [18, Corollary p.13]
Now let L := R or C (resp. R((¢))XF), and W be a base of neigh-
borhoods of 0 in LL for the topology of the absolute value |.|. Let K C L
be such that Xy = | K| < |Ll.

Remark 7.3.8 |K| = |ec™(K)| < |L]|
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Indeed, as shown above for Q C L, the number of Hovanskii systems with
parameters in K has also cardinality Ry, consequently |ecl™(K)| = N,.

Like in Quentin Brouette’s proof we consider for all £ € N the set

1 1
Tk.—{TeL.k—H<|T’|<k—H}
We let
B :={by: X € 2%}

be an ecl-transcendence basis of I over ecl“(K) such that for all k € N,
|BNT| = 2%.

Suppose (K, exp, V) is a topological L-subfield of (L, exp, W), for L =
Lrings U({E} L = C, and £ = L,, g otherwise. Let D be an E-derivation
on K. Assume that the E-algebraic transcendence degree of I over K
is strictly greater than the cardinality of K. We want to construct a
topological L-extension of (K, exp, V) that is a topological L-subfield of
(L, exp, W), equiped with an F-derivation extending D and satisfying a
kind of "pre-scheme’ (DL)g. We will then iterate this operation, thanks
to the fact that |ec/(K)| = |K| < |L|, and take the transfinite union of
all these differential topological E-fields. We begin by modifying slightly
Theorem [7.3.3

Theorem 7.3.9 Given n,m,p € Nyn,m # 0, | X| = |[Y] =n, Q =
(Q1, -+ ,Qm) C KIXY)E, P = (P, --,P,) C K[X]? such that A =
V(Q) CL*, B=V(P)CL" and A™ C 7(B);

let U € W and suppose that there is (a,b) € K?" N A™, with a € B™,
that virtually projects generically on B,

Then there is a neighborhood W € W, such that for any elementsty,--- ,t;,
51,7+, 55 in W that are E-algebraic independent over K, where i = n—p,
j =mn—m, there is (¢,d) € A such that ecl*(K(¢,d)) = ecl™(K(t;,5;))
and

(a,b) — (¢,d) € U™
and such that it is possible to extend uniquely D to ecl“(K (¢, d)) by letting
De:=d.
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Proof. There is k,, Ind; (JP:) C Ind;, (JQq).

By Lemma there is t* and a neighborhood O € W, such that for
any elements tq,--- ,¢;, in O that are F-algebraic independent, letting

&0 = (a1 "—tl,"' ,ad+td7ad+1,"' ,an)

then there is a regular zero a* of P in ecl“(K(ty, - ,tq)) N B(dg,t*) C
ap + (U/2)".

Then we reapply Lemma [3.2.2) to find ¢”* and a neighborhood O' € W,
such that for any elements sq,--- ,s; in O’ that are E-algebraic indepen-
dent, letting

(d*’BU) = (a?"' >a:wb1+31>"' ’bj+8j’bj+1"" 7bn)

then there is a regular zero a*b* of () in
QCZL(K<t1, s ,td, S1,° " ,Sj)) N B(d*7l_70, t/*) Q EL()[_)O + UQn

By Lemma applied to a*b*, D extends uniquely to an E-derivation
on ecl” (K (a*b*)) in such a way that b* := Da*. Therefore we let (¢, d) :=
(@*b*). Then, D extends to L by Corollary [4.3.16| m

Theorem 7.3.10 Let (R, exp) (resp. (R((t))"F,exp), (C,exp)) be the
field of real numbers (resp. of logarithmic-exponential series, resp. of

complex numbers) equipped with exponentiation. There exists a non-
trivial E-derivation D on R (resp. R((t))X¥, C) such that

(Ra _'_7 ) _771 , €XD, 07 17 < D) resp. (R((t))LEa +7 ) _771 , €XD, 07 17 < D)
is an ordered differential E-field satisfying scheme (DL)g. (resp.
<C7 +7 ) _7_1 , €XD, Oa 17 H? D)

where |.| is the absolute value or module, a topological differential E-field
satisfying scheme (DL)g.

Proof. Notice that ecl®(Q), ecl®()""(Q) are real closed while ecl®(Q)
is algebraically closed. Let L := R, C or R((¢))*". Let us begin with
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ecl“(Q), equipped with a trivial derivation D. Recall that we consider
we consider for all £ € N the set

1
Ty :={relL: —<\7"|<

k+2 E+1

Let
B :={by: X € 2%}

be an ecl-transcendence basis of L over ecl™(Q) such that for all k¥ € N,
|BNT| = 2%.

Let us now construct a chain of subfields F, of L by induction on
a € 2%,

o Let a € 2™, If b, € F,, let F,.; := F,. Otherwise let
Foo = ecl“(Fy(ba))

and Db, = 0 . Notice that it would be possible to let Db, = 1.)
Recall that D extends to ecl™(F,(b,)) by Proposition [4.2.1 Then
we enumerate all systems generating E-varieties As, Bs, 6 € |Fy|,
defined on F, o such that A;” C 7(Bs) and such that:

there is a point in A5 the coordinates of which stand in F, ¢, which
projects on a point in B, and which virtually projects generically
on B(;.

— Let § € |F,|. Pick t4,5. € (BNTy) \ F, for k big enough.
Elements 4, 8, can be chosen ecl-independent because |(B N

Ty) \ F,| = 2%. By Theorem [7.3.9 we get a point (b5, Dbs) C
ecl™(F,5(t4,5,)), close enough to our starting point. Let

Fa75+1 = GCZ]L(FW(;(B(;, DB(;))

Then let
Fuss = e ( | Fus)

(S€|Fa

— 1f 0 € |F,] is a limit ordinal, let Fy 5 :=J 5 F.

o If a € 2% is a limit ordinal, let F, := Uﬁea Fj. By construction,
F, is real closed (resp. algebraically closed).
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At the end, let F:= J, con Fa- If L =R or R((t))*F, F is real closed
and as B C F C L, I' = L. By construction F' is a model of scheme
(DL).
(resp. if L = C, F is algebraically closed and as B C FF C C, F = C. By
construction F' is a model of scheme (DL)g.)

|



Appendix A

Model theory

In this appendix we recall a few model-theoretic notions, namely elemen-
tary extensions, saturated models, existentially closed models, model-
complete theories, quantifier elimination.

Let £ be a language. We use a distinct notation for a L-structure and
its underlying domain in this appendix but not elsewhere.

Definition A.0.1 Let M and N be L-structures. An L-embedding 7 :
M — N is called an elementary embedding if, whenever a, ..., a, € M,
and ¢(vy,...,v,) is an L-formula, then

ME ¢(ay,...,a,) &N E o(j(a1),...,7(an))

If M is a substructure of A we then say that it is an elementary substruc-
ture, or that N is an elementary extension of M, and write M < N

Definition A.0.2 A L-substructure M of a L-structure N is said to be
existentially closed in N if for every quantifier free £-formula
o(x1,+ yTm, Y1, -+, Yn) and all elements by, - -+, b, of M such that

N):(b(xla 7IM7b17"' >bn)

then M)Zgb(l'l,"'awmabla"'ybn)

A model M of a given L-theory T is called existentially closed in T if it
is existentially closed in every L-extension N that is itself a model of T.

129
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Definition A.0.3 A L-theory T is said to be model-complete if it satis-
fies one of the following equivalent conditions:

e cvery embedding of models is elementary
e all models of T" are existentially closed in T’
e cvery (first-order) formula is equivalent to a universal formula

e every (first-order) formula is equivalent to an existential formula

Definition A.0.4 A L-theory T is said to admit quantifier elimination
if for every L-formula ¢ there is a quantifier free L-formula 1) such that

T |=vo(¢(0) ¢ (0))
A L-theory T that admit quantifier elimination is model-complete.

Definition A.0.5 A class C of models of a L-theory T is said to be
inductive if it is closed by union of chains.

Fact A.0.6 [11, 4.3.13 p.208](Frayne’s Theorem) Let A, B be two
L-structures such that A is elementarily equivalent to B. Then there is
a set I and an ultrafilter U on I such that B embeds elementarily in the
ultrapower Tl A.

We now recall the model-theoretic notion of saturation. Let T" be a sat-
isfiable L-theory, and let Lz := LU {xy,...,2,} ; x1,...,2, being new
constant symbols, denoted like variables by commodity. Let S, (7)) be
the set of complete Lztheories containing 7. An element of S,(T') is
called a complete n-type. A set of L-formulas with n free variables is a
n-type if it can be completed in a complete n-type.

Let M ET and A C M. Given L4 obtained from £ by adding one
new constant symbol for each element of A, we let Ths(M) denote the
theory of M in the language £4; and SM(A) := S, (Th(M)).

Let ¢ € M™. The set of L4-formulas ¢(vy,...,v,) for which M E ¢(¢)
is denoted tpy'(¢) or p’'(¢). For every type p(T) € S,(T), there exists
M ET and @ € M™ such that tp™(a) is equivalent to p(T).



131

Definition A.0.7 Let s be an infinite cardinal, £ a language such that
|L| < k, T a satisfiable L-theory, and M E T.

We say that M is k-saturated if, whenever A C M, |A| < k and p €
SM(A), then p is realized in M.

We say that M is saturated if it is |M|-saturated.

Fact A.0.8 [40, Theorem 4.3.12] Let x> Ny be a cardinal and M be a
L-structure. Then M admits a k" -saturated elementary extension.
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Appendix B

Ni-saturation of R((Gy)) and
R((Gm,n))

By ordered set, we mean a totally ordered set.
If (S, <) is an ordered set and A, B C S, let A < B if for all a € A and
forallbe B, a <b.

Definition B.0.1 Let a € O,. The ordered set (S5, <) is called an 7,-
set, if whenever A, B C S with A < B and |A U B| < R,, then there is
s € S such that A < {s} < B.

Remark B.0.2 Let (51, <;) and (Ss, <3) be ng-sets. Then S := Sl<;52
equipped with the (anti)lexicographic order <, is an n,-set.

Recall that an abelian group G is divisible if for all n in N\ {0}, Vg € G,
dJre G,nr=g.

We now want to introduce the characterization of N, -saturated divisi-
ble ordered abelian groups using 7,-sets from [32]. For this, we briefly
recall a classical way to endow such a group with a valuation (we follow
here [13], paragraph 2.2, p.2]):

Definition B.0.3 [, p.62] Let G be an abelian (additively written)
group. A wvaluation on G is a function v : G — S U {cc} where S is
an ordered set, such that for all x,y € G the following conditions are
satisfied:

e v(z)=o0iffz =0
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o v(—x)=uv(z)

e v(z +y) > min{u(x),v(y)}

(G, S,v), where S is an ordered set, and v : G — S U{oo} is a surjective
valuation, is called a valued group. The ordered set S is called the value

set of (G, S,v).

The open balls By(s) := {x € G : v(r —a) > s} form a basis for a
topology that endow G with the structure of a Hausdorff topological

group.

Definition B.0.4 [I, p.64] Let (G, S,v) be a valued abelian group. Let
A € On a limit ordinal and (a,),<x be a sequence in G, and a € G. Then
(@p)p<x is said to pseudoconverge to a, if v(a — a,) is eventually strictly
increasing, that is, for some index py, we have

v(a —a,) <v(a—a,) whenever o > p> pg

We also say in that case that a is a pseudolimit of (a,),<x.
A pseudo-Cauchy sequence in (G, S, v), is a sequence (a,),<x in G such
that for some index py we have

T>0>p>p)—v(a, —a,) <vla, —a,)

Let (G,+,0,<) be a divisible ordered abelian group. For z € G, set
|z| := max{x,—x}. For non-zero z,y € G, let x ~ y if there exists
n € N, njz| > |y| and n|y| > |z|. This is an equivalence relation; let &
denote the equivalence class of z, and let

[={i:2eG)\{0}}

the set of equivalence classes of non-zero elements of GG. It can be ordered
by:
x <p y iff foralln € N, n|z| < |y|

Then one can define a valuation v : G — I'U{oo}, 0 — oo and 0 # z +— Z.
For x € I, the archimedean component of  is the maximal archimedean
subgroup A; of G (that is Az is an ordered subgroup of G such that for
every ar,as € Az \ {0}, there is n € N with a; < nas) containing . For
each &, A; is isomorphic to an ordered subgroup of (R, +,0, <).
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Fact B.0.5 [32] Th.C, p.10] Let a € On and let G # 0 be a divisible
ordered abelian group. Then G is R, -saturated (in the language of ordered
groups) iff its value set is an n,-set, and all its archimedean components
are isomorphic to R, and every pseudo-Cauchy sequence indexed by A <
N, has a pseudolimit in G.

Let G be an ordered abelian group. Recall that the field of Hahn series
R((G)) can be ordered by, for s =) c,g:

s>0 iff s#0 and Le(s) >0

Fact B.0.6 [34, Consequence of Theorem 6.2] Let o € On, and let G be
an N, -saturated divisible ordered abelian group. Then the field of Hahn
series R((G)) is an R, -saturated real closed field.

Let n,m € N, and G, G, 0,6 as defined in Subsection2.3.2f Then
G, is divisible, and G, ,, is divisible too, as 6,, 8,, are isomorphisms and
G¥ is a union of divisible groups. As G, = 60,'(G,) and 6, is an

order-preserving isomorphism, to show N;-saturation of G,, and G,,,, as
ordered groups, we will show Nj-saturation of G,:

Lemma B.0.7 Forn €N, (G, <), where Gy = z® and for n € N\ {0},
R An < A - . :

G, = 28Xz X --- Xx?" is an ny-group; all its archimedean compo-

nents are isomorphic to R; and pseudo-Cauchy sequences indexed by N

do pseudoconverge in G,,.

Proof. By recurrence on n € N. In order to use only additive notations
when dealing with archimedean classes, we use the fact that G+ z¢
is an order preserving isomorphism. We use notations from Subsection

223

e n=0: (R,+,0, <) has a unique archimedean class 1 isomorphic to
R, in particular its value set T := {# : x € R\{0}} = {1} is trivially
an m-set. It is complete as a metric space with |.| so Ng-indexed
pseudo-Cauchy sequences do pseudoconverge. Hence as we have
an order-preserving isomorphism R — z®, its multiplicative copy
(2%, ., <) also has a unique archimedean class and a 7;-value set
and pseudo-Cauchy sequences indexed by Ry do pseudoconverge in

R,
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e n=1: Consider (Ag = {s € R((z%)) : Supps > 1},+,0,<). Two

elements s1, o € Ay are in the same archimedean class—satisfy that
it exists n € N, n|sy| > [so| and n|sy| > |s1| (where |.| is not
the canonical Hahn series field valuation Lm(.) but the absolute
value defined in Subsection [2.2.3| on an additive ordered group G
by |g| := max{g, —g} for g € G)—iff Lm(s2) = Lm(s1): Indeed, for
s € Ay, |s| = s and s; and s are in the same archimedean class iff
Le(nsy—s1) > 0 and Le(nsy — s9) > 0iff Lm(sy) = Lm(sy). Hence
the value set of Ay is Ty := {z" : r € R”"} which is an n;-set by
the properties of R; and the set of archimedean components Aj of
AO is

{Ay ={s€ Ag: Lm(s) =2"} :r e R*°}
Each component contains a copy of R, as |0, r[ is isomorphic to R
and for ¢ €0, r[, ¢+ 2" € Aj; and by Remark , each compo-
nent has cardinality < 2%,
Now let (a,) be an Ngp-indexed pseudo-Cauchy sequence in Aj.
By Fact [2.3.4) R((z*)) is spherically complete so (a,) admits a
pseudolimit a in R((z®)). By definition of pseudoconvergence,
(v(a — a,)), is strictly increasing, which implies that a € A,.

Hence we got the result for the additive ordered group Ay and thus
for its multiplicative copy z°.

Let n € N\ {0} and consider the ordered additive group
(An—l-l = {S S R((Gn)) : SUppS > 1}7 +,0, <)

Similarly to the previous case, two elements s, sy € A, are in the
same archimedean class iff Lm(s;) = Lm(ss). The value set of A,
is the set

Loy i={2":ae€ A%
= {x(rva()v"'va") . (,r.’ ag, - - - ,an) c (.Z'R<;$AO<; e (;l»An)>0}

which is an 7;-set by recurrence hypothesis and Remark [B.0.2] The
archimedean components of A, are the

Alngoman) — L5 € A,y Lim(s) = anao e}
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for (r,ag, - ,a,) € (nyoni e <;xA")>0. The archimedan com-
ponents are isomorphic to R, and by the same arguments than
above, Ny-indexed pseudo-Cauchy sequences in A,, pseudoconverge
in A,,. Then again we obtain the desired result for the multiplica-
tive copy G,41 from the results on A, 1.

Corollary B.0.8 Forn,m € N, (G,, <) and (Gpm, <) are ¥y-saturated
ordered groups and (R((G,)), <), (R((Gmn)), <) are Ny -saturated ordered
fields.

Proof. By Facts [B.0.5 and [B.0.6] and Lemma [B.0.7 =




138



Bibliography

1]

Aschenbrenner, M. van den Dries, L. & van der Hoeven,J. Asymp-
totic Differential Algebra and Model Theory of Transseries, Annals of
Mathematics Studies, Phillip A. Griffiths, John N. Mather, and Elias
M. Stein, Editors (2017).

Alling, N.L. Foundations of Analysis over Surreal Number Fields.
Mathematics Studies. 141. North-Holland (1987).

Ax, J. On Schanuel’s Conjectures, Annals of Mathematics (2) 93
(1971) 252-268.

Bays, M. Kirby, J. & Wilkie, A.J. A Schanuel property for ex-
ponentially transcendental powers, Bull. London Math. Soc. 42 (5)
(2010),917-922.

Bochnak, J. & Coste, M. & Roy, M.F. Géométrie algébrique réelle,
Springer-Verlag, 1987.

Bourbaki, N. FEléments de Mathématiques, Topologie Générale,
Chapitres 1 a 4, Hermann, Paris, 1971.

Bourbaki, N. FEléments de Mathématiques, Topologie Générale,
Chapitres 5 a 10, Hermann, Paris, 1974.

Bourbaki, N. Variétés différentielles et analytiques: fascicule de
résultats, Springer Berlin Heidelberg: Berlin, Heidelberg, 2007.

Blum, L. Differentially closed fields: A model-theoretic tour, Contri-
butions to Algebra, (H.Bass, P.Cassidy and J.Kovacic, Eds), Aca-
demic Press, San Diego, 1977.

139



140

[10] Brouette, Q. Differential algebra, ordered fields and model theory,
PhD Thesis, 2015.

[11] Chang, C.C. & Keisler, H.J. Model theory, Studies in Logic and the
Foundations of Mathematics, volume 73, North Holland, 1973.

[12] Cluckers, R. & Lipshitz, L. Fields with analytic structure, J. Eur.
Math. Soc. 13, 11471223, 2011.

[13] D’Aquino, P. & Kuhlmann, S. & Lange, K. A wvaluation theoretic
characterization of recursively saturated real closed fields, J. Symb.
Log. 80 (2015), no. 1, 194206.

[14] Denef, J. & van den Dries, L. p-adic and Real Subanalytic Sets. The
Annals of Mathematics, Second Series, Vol. 128, No.1, pages 79-138,
1988.

[15] van den Dries, L. Ezponential Rings, Exponential Polynomials and
FEzxponential Functions, Pacific Journal Mathematics, Vol. 113, No 1,
1984.

[16] van den Dries, L. On the elementary theory of restricted elementary
functions, The Journal of Symbolic Logic, Vol.53, no.3, 796-808,1988.

[17] van den Dries, L. & Macintyre, A. & Marker, D. Logarithmic-
exponential Power Series, J. London Math. Soc. (2) 56 (1997) 417434.

[18] van den Dries, L. & Macintyre, A. & Marker, D. Logarithmic-
exponential Series, Ann. Pure Appl. Logic 111 (2001), 61-113.

[19] van den Dries, L. & Macintyre, A. & Marker, D. The Elementary
Theory of Restricted Analytic Fields with Exponentiation, Annals of
Mathematics Second Series, Vol. 140, No. 1 (Jul., 1994), pp. 183-205.

[20] Esterle, J. Solution d’un probléme d’Erdds, Gillman et Henriksen
et application a ’étude des homomorphismes de C(K), Acta. Math.
(Hungarica) 30 (1977), 113-127.

[21] Fornasiero, A. & Kaplan, E. Generic derivations on o-minimal struc-
tures, https://arxiv.org/abs/1905.07298


https://arxiv.org/abs/1905.07298

141

[22] Gragg, W.B. & Tapia, R.A. Optimal error bounds for the Newton-
Kantorovich theorem, STAM J. Numer. Anal., 11 (1974), pp. 10-13.

[23] Guzy, N. & Point, F. Topological Differential Fields, Annals of Pure
and Applied Logic, 161 (2010) 570-598.

[24] Hrushovski, E. A Strongly Minimal Set, Annals of Pure and Applied
Logic, 62 (1993) 147-166.

[25] Jones, G.O. & Wilkie, A.J. Locally polynomially bounded structures,
Bull. London Math. Soc. 40 (2008) 239-248.

[26] Kaplansky, I. Mazimal Fields with Valuations, Duke Math. J. 9
(1942), no. 2, 303-321.

[27] Kemper, G. A course in Commutative Algebra, Graduate Texts in
Mathematics 256, Springer 2011.

[28] Kirby, J. Ezponential Algebraicity in Exponential Fields, Bull. Lon-
don Math. Soc. 42 (2010) 879-890.

[29] Kirby, J. The theory of the exponential differential equations of semi-
abelian varieties, Selecta Math. (N.S.) 15 (2009)445-486.

[30] Khovanskii, A.G. On a class of systems of transcendental equations,
Soviet. Math. Dokl. 22 (1980), 762-765.

[31] Krempa, J. & Okninski, J. Group rings which are Jacobson rings,
Arch. Math. vol.44,20-25(1985).

[32] Kuhlmann, S. Groupes abéliens divisibles ordonnés, Publications
mathématiques de 'université Paris VII, Séminaire sur les Structures
Algébriques Ordonnées, Sélection dexposés 1984-1987, Vol.1 (1990),
pp. 314.

[33] Kuhlmann, F.V. & Kuhlmann, S. & Shelah, S. Ezponentiation in
power series fields — Proc American Math Soc 125 (1997) 3177-3183.

[34] Kuhlmann, F.V., Kuhlmann, S., Marshall, M., & Zekavat, M. Em-
bedding ordered fields in formal power series fields, Journal of Pure
and Apllied Algebra 169 (2002) 71-90.



142

[35] Lam, T.Y. An introduction to real algebra. Ordered fields and real al-
gebraic geometry. (Boulder, Colo.,1983). Rocky Mountain J. Math.14
(1984), no4, 767-814.

[36] Lam, T.Y. An first course in noncommutative rings Graduate texts
in Mathematics, 131, Springer-Verlag.

[37] Lang, S. Introduction to Algebraic Geometry, Interscience Tracts in
Pure and Applied Mathematics, no 5, Interscience Publishers inc.,
New York

[38] Lipshitz, L. Rigid subanalytic sets American Journal of Mathemat-
ics, Vol. 115, No 1, pages 77-108, 1993.

[39] Macintyre, A. Exponential algebras, Logic and Algebra, lecture notes
in pure and applied mathematics, vol.180,1996.

[40] Macintyre, A. The elementary theory of p-adic exponentiation, un-
published.

[41] Macintyre, A. & Wilkie, A. On the decidability of the real exponential
field, Odifreddi, P.G., Kreisel 70th Birthday Volume, CLSI (1995).

[42] MacLane, S. The universality of formal power series fields. Bull.
Amer. Math. Soc. 45 (1939), 888-890.

[43] Manders, K. On algebraic geometry over rings with exponentiation,
Zeitschr.f.math. Logik und Grundlagen d. Math. Bd. 33, S. 289-
292(1987).

[44] Mariaule, N. On the decidability of the p-adic exponential ring, PhD
thesis, 2013.

[45] Mariaule, N. Effective Model-completeness for p-adic analytic struc-
tures, submitted, https://arxiv.org/pdf/1408.0610.pdf.

[46] Marker, D. Model Theory: an Introduction Graduate Texts in Math-
ematics Volume 217 2002

[47] Michaux, C. Differential fields, machines over real numbers and au-
tomata, PhD Thesis, 1992.


https://arxiv.org/pdf/1408.0610.pdf

143

[48] Michaux, C. & Riviere, C. Quelques remarques concernant la théorie
des corps ordonnés différentiellement clos, Bull. Belg. Math. Soc. 12
(2005), 341-348.

[49] Neumann, B.H. On ordered division rings, Trans. Amer. Math. Soc.
66 (1949), 202-252.

[50] Passman, D.S. Infinite Group Rings, Pure and Applied Mathemat-
ics, Marcel Dekker inc. New York, 1971.

[51] Pierce, D. & Pillay, A. A Note on the Azioms of Differentially
Closed Fields of Characteristic Zero, Journal of Algebra, 204, 108-
115 (1998), article no JA977359.

[52] Point, F. private communication.

[53] Point, F. & Regnault, N. Nullstellensditze in Exponential Fields, in
preparation.

[54] Poonen, B. Mazimally complete fields, L'Enseign. Math. 39 (1993),
87106.

[55] Pop, F. Embedding problems over large fields, Annals of Math. 144
(1996), 134.

[56] Prestel, A. Lectures on formally real fields, Lecture notes in Mathe-
matics,1093. Springer-Verlag, Berlin, 1984.

[57] Ressayre, J.-P. Integer parts of real closed exponential fields (ex-
tended abstract), Arithmetic, proof theory, and computational com-
plexity (Prague, 1991), 278288, Oxford Logic Guides, 23, Oxford
Univ. Press, New York, 1993.

[58] Robinson, A. Ordered differential fields, J. of Comb. Theory 14
(1973), 324-333.

[59] Robinson, A. Introduction to Model Theory and to the Metamathe-
matics of Algebra, North Holland, Amsterdam, 1974.

[60] Servi, T. On the first-order theory of real exponentiation, PhD The-
sis, Scuola Normale Superiore di Pisa, 2006.



144

[61] Servi, T. Noetherian varieties in definably complete structures, Log
Anal (2008) 1:187-204.

[62] Singer, M. The model theory of ordered differential fields, J. Symb.
Logic, 43 (1978), 82-91.

[63] Terzo, G. Consequences of Schanuel’s Conjectures in Exponential
Algebra, PhD thesis, 2007.

[64] Tressl, M. A wniform companion for large differential fields of
characteristic 0, Trans. Amer. Math. Soc., 357(10), 2005, 3933-3951.

[65] Wilkie, A.J. Model-completeness results for expansions of the or-
dered field of real numbers by restricted Pfaffian functions and the
exponential function, Journal of the American Mathematical Society,
Volume 9, Number 4, October 1996.

[66] Wilkie, A.J. Some local definability theory for holomorphic functions,
Model theory with applications to algebra and analysis, vol. 1,London

Mathematical Society Lecture Note Series 349 (Cambridge University
Press, Cambridge, 2008) 197-213.

[67] Zilber, B. Pseudo-exponentiation on algebraically closed fields of
characteristic zero, Annals of Pure and Applied Logic, Vol 132 (2004)
1, pp 67-95



Additionnal comments

Here is a list of the main modifications made after the oral presentation.
We thank the referees for their comments.

e We prove Theorem assuming in the hypotheses on T that only
r-saturated models of 7', for some k, must satisfy (I)g. This allows
to consider TR exp-

e We prove Theorem assuming Hypothesis Zm instead of (I)g.
For this, we have slightly modified Proposition [6.3.4, and have
added Lemma [7.2.6] which is an alternative of Lemma us-
ing Proposition [6.3.4] instead of Proposition [6.1.6] and Hypothesis

Zm instead of Hensel’s Lemma and (I)g.

e We have added a remark under Definition [7.1.1] concerning the p-
adic case, where the domain of definition of the exponential is also
the valuation ring.
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